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Ubungsblatt 8

Aufgabe 1 (4 Punkte)

Let Lj and Ly be holomorphic line bundles on complex manifolds X; and X5, respectively.
To two sections s; € H°(X;, L;), i = 1,2, one associates a section

5189 € HY(X1 x Xo,p5(L1) ® p3(La)).

Show that if s%,‘. ey s’f ans s3, ..., sg are linearly independent sections of Ly and Lo, respec-

tively, then sli s3 form linearly independent sections of pi(L1) ® p5(L2). Here, p1 and py are
the two projections p; : X1 x Xo — X;.
Hint: suppose that s} s3 are linearly dependent and work on suitable restrictions of X3 x Xo.

Aufgabe 2 (3 Punkte)
Let P:=(0:---:0:1) € P* and consider the linear system
{s € HO(P”,Opn(l)) : s(P) = 0} .
(a) Show that it defines a holomorphic map ¢ : P"\{P} — P"~1 and that this is actually
a line bundle over P~ 1.
(b) Show that the previous line bundle is isomorphic to Opn-1(1).
(c) What happens if one chooses P # (0:---:0:1)?

Aufgabe 3 (2 Punkte)

Are there holomorphic vector fields on P", i.e. global sections of Tpn, which vanish only in a
finite number of points? If yes, in how many?
Hint: use Aufgabe 3 Ubungsblatt 7 and Aufgabe 2 Ubungsblatt 6.

Aufgabe 4 (7 Punkte)

Let E — X be a holomorphic vector bundle and let s € H(X, E) its zero section. On the
complement E\s(X) one has a natural C*-action. The quotient

P(E) = (E\s(X))/C

is a complex manifold that admits a holomorphic projection 7 : P(E) — X such that 771(x)
is isomorphic to P(E(z)). We call P(E) the projective bundle associated to E or, simply, the
projectivization of E.

The surface X, := P(Opl @ Op: (n)) is called the n-th Hirzebruch surface. Show that >,



is isomorphic to the hypersurface V := Z(aBy; — x7ys) C P! x P2, where (x¢ : x1) and
(Yo : y1 : y2) are the homogeneous coordinates of P! respectively P2
Hint: write down the coordinates of the points in V N Uy x P? and V N U; x P2. Use these
to construct explicitly two maps:
ou, : Sulu, 2 U; x PL— P! x P?
((xo : 1), (a: b)) — ((zo : x1),(7:7:7))

such that they glue together to an injective map ¢ : 3, — P! x P? whose image is V.

Abgabe Zu Beginn der Vorlesung um 10:00 am Montag, den 17. Dezember.



