
THE ANDRÉ-OORT CONJECTURE

GAUS AG-Seminar – SoSe 2022

ORGANIZERS: JIAMING CHEN, JAKOB STIX, RICCARDO ZUFFETTI

Shimura varieties are algebraic varieties of great interest. Introduced by Shimura and Deligne
in order to generalize the modular curves, they play nowadays a central role in the theory of
automorphic forms, the study of Galois representations and in Diophantine geometry. The
classical example of Shimura variety is the Siegel moduli space Ag of principally polarized
abelian varieties of dimension g. The points in this moduli space corresponding to CM
abelian varieties, which are called special points, play a particularly important role in the
theory of Ag. The concept of special points have been generalized to arbitrary Shimura
varieties and every Shimura variety has a Zariski (even analytically) dense subset of special
points which, as for Ag, governs its geometry and arithmetic. This is justified for example in
the theory of canonical models over number fields of Shimura varieties.

The André-Oort conjecture describes the distribution of special points on a Shimura variety:

Conjecture 0.1 (André-Oort conjecture). Let V be a closed irreducible subvariety of a Shimura
variety S . If V contains a Zariski-dense subset of special points of S , then V is special, i.e., V is an
irreducible component of a Hecke translate of a Shimura subvariety of S .

The André-Oort conjecture is a Hodge-theoretic analog of theManin-Mumford conjecture.
The latter, which has been proved by Raynaud, states that an irreducible subvariety of a
complex abelian variety containing a Zariski-dense subset of torsion points is a torsion
translate of an abelian subvariety.

Conjecture 0.1 was resolved recently in full generality by Pila-Shankar-Tsimerman [PST21]
following a strategy proposed by Pila and Zannier, which has three main ingredients:

(i) definability in some o-minimal structure of some transcendental map;
(ii) functional transcendence for Shimura varieties;
(iii) good lower bound for the size of Galois orbits of special points.

Once having these ingredients, assembled by the o-minimality through the Pila-Wilkie
counting theorem, one can conclude Conjecture 0.1.

The ingredients (i) and (ii) were provided for arbitrary Shimura varieties by Klingler, Ullmo
and Yafaev in [KUY16]. Pila, Shankar and Tsimerman [PST21] fulfilled the final missing
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ingredient (iii), which is achieved by constructing a canonical Weil height h with good
functionality properties on the Q-points of arbitrary Shimura varieties such that one can
bound the heights of special points by relating them to the Faltings height bounds coming
from Ag. The construction of h relies heavily on the p-adic Hodge theory.

The reduction step from the height bound of special points to the lower bound of Galois
orbits is due to Binyamini, Schmidt and Yafaev [BSY21] based on breakthrough results of
Binyamini [Bin22], which greatly improve the Pila-Wilkie estimates for some transcendental
varieties (defined by foliations over number fields).

The goal of this seminar is to introduce the André-Oort conjecture and the Pila-Zannier
strategy for a general Shimura variety, and to study the proof Conjecture 0.1 in the case
of Ag following [Tsi18] and [BSY21], which can be served as the first step to understand
[PST21]. We will focus on the technique of o-minimality.

TALKS

Format and Places.

Format: hybrid – in person but will stream simultaneously via Zoom. The speakers are free
to choose whether to present in-person or online.

Places: alternating between Frankfurt and Darmstadt (starting from Frankfurt)
• Frankfurt: Room 711 Groß, Robert-Mayer-Straße 10.
• Darmstadt: Room 244 - S2|15, Schlossgartenstraße 7.

What does ?, ??, and ??? mean?

? : Suitable for Masters- or Ph.D. students without much background in complex algebraic
geometry; talks should be straightforward to prepare.
?? : Suitable for Ph.D. students and postdocs; usually requires background in complex
algebraic geometry or knowledge of almost all previous talks.
??? : Suitable for ambitious Ph.D. students and postdocs, as well as for Professors. Requires
solid background in complex algebraic geometry and/or the willingness to engage with the
material in significant depth.

Mathematics is made together.

The goal of the Gaus-AG is not only to learn advances in current research, but also to get
to know each other, discuss and participate actively. We strongly encourage you to ask the
organizers and your colleagues about any problem arising in the preparation of the talks.
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Questions about general state of art and curiosities on the topic of the seminar are more than
welcome.

Talk 1: Introduction. (21.04 Frankfurt)[J. CHEN]

The organizers will give an overview of the topic of the seminar.

Talk 2: o-minimality I: what is o-minimality? ? (21.04 Frankfurt)[K. KÜHN]

Give some motivations for o-minimality, see, e.g., [Cos, Section 1.1 of Chapter 1]. Introduce
structures (over R), definable sets and definable maps, and illustrate the basic properties as
in [Bak, Propositions 1.1.2 and 1.1.6]. Define o-minimality as "tameness" property. Along
the way, introduce the structures Ralg, Rsin, Rexp, Ran, Ran,exp, and state which of them are
(not) o-minimal (no proof ). Shed some light on the model theoretic perspective
[Cos, Theorem 1.13]. References: ([Bak],[Cos], [vdD98])

Talk 3: o-minimality II: definable cell decomposition. ?(05.05Darmstadt)[A. SHAVALI]

Cover Section 1.2 of [Bak]. More specifically, introduce definable cylindrical cell
decompositions of Rn; state the Cell Decomposition Theorem [Bak, Theorem 1.2.6] but
prove only the special case given by the Monotonicity Theorem [Bak, Lemma 1.2.8]. Give
the definition of dimension of a definable set and state some nice properties of definable
sets/maps, for example, the uniform finiteness property [vdD98, Lemma 2.13].
I.T.A.: introduce definable topological spaces and provide examples as in
[Bak, Subsection 2.1]. References: ([Bak],[Cos], [vdD98])

Talk 4: Application I: o-minimal Chow. ? (05.05 Darmstadt)[Y. KLEIBRINK]

The goal is to see how the transcendence of an analytic variety can be highly constrained
by the tameness of its topology. Recall the difference between analytic and algebraic
subvarieties, then recall the classical Chow Theorem (see e.g. [GH78]). Introduce definable
complex manifolds and definable complex analytic subsets; state the o-minimal Chow
Theorem. A standard reference is [PS08, Sections 3 and 4] and the o-minimal Chow
theorem is [PS08, Theorem 5.1]. Provide an "o-minimal" proof of the latter following
[Bak, Subsection 1.3]. References: ([Bak],[PS08], [PS09], [PS10])

Talk 5: Application II: Pila-Wilkie counting and the Manin-Mumford conjecture.
? ? ? (19.05 Frankfurt)[M. LARA]

The goal is to see how one can recognize/obtain algebraic sets by counting rational points,
and then apply it to give a proof of the Manin-Mumford conjecture. State and explain the
Pila-Wilkie counting theorem as in [KUY18, Subsection 5.2], then treat it as a blackbox to
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sketch a proof of the Manin-Mumford conjecture following, e.g., [Sca17, Subsection 5.1].
The whole proof is actually an implementation of the Pila-Zannier strategy in the case of
abelian varieties, but the speaker does not need to explain the mechanism in detail in this
talk. Instead, (s)he should emphasize the corresponding main ingredients (i),(ii),(iii) (see the
introduction part of this program) for abelian varieties, as we are going to generalize them
to the case of Shimura varieties in later talks. References: ([PZ08],[Sca17],[KUY18])

Talk 6: Shimura varieties I: a gentle introduction. ? (19.05 Frankfurt)[A. THEVIS]

The goal is to provide an introduction to Shimura varieties for non-experts. The speaker
should avoid to be too technical and provide examples instead of long lists of definitions.
A good reference is [Lan16] 1. Recall the action of SL2(R) on the upper-half plane H
and introduce the modular curve X = SL2(Z)\H. Explain that it may be rewritten
as the double quotient X = SL2(Z)\ SL2(R)/ SO(2); see [Lan16, Example 2.2.7]. A
(connected) Shimura variety may be considered as a generalization of such a curve:
replacing SL2 with a semisimple Lie group G, the group SO(2) with a compact maximal
subgroup of G, and SL2(Z) with an arithmetic subgroup, so that the quotient G/K is a
Hermitian symmetric domain. Provide examples of such symmetric domains in the case of
G = Sp2g(R) following [Lan16, Subsections 3.1.1 & 3.1.2], and of G = SOn,2(R) following
[Lan16, Subsections 3.4.1 & 3.4.2]. State the Baily–Borel Theorem [Lip, Theorem 0.0.0.1].
Give motivation (only ideas): Some moduli spaces are connected Shimura varieties, e.g.,
Ag if G = Sp2g(R) [Lan16, Subsection 3.1.5], [BvdGHZ08, Part 3, Section 10]; moduli
spaces of quasi-polarized K3 surfaces if G = SOn,2(R) [Lan16, Example 5.2.2.11],
[GHS07, first two pages]. References: ([Lan16], [Mil17], [BvdGHZ08], [GHS07], [Lip])

Talk 7: o-minimality and Shimura varieties. ?? (02.06 Darmstadt)[P. KIEFER]

The goal is to show that the uniformization map for a Shimura variety is definable in some
o-minimal structure if we restrict it to some semi-algebraic fundamental set. Introduce Siegel
sets and discuss the reduction theory following [BKT20, Subsetions 2.1-2.2] (see [Bor69] for
more information on reduction theory) 2. Prove the first part of [BKT20, Theorem 1.1 (1)]3.
References: ([BKT20],[Fre20, Section 3], [Bor69],[KUY16])

Talk 8: Shimura varieties II: after Deligne. ?? (02.06 Darmstadt)[J. STIX]

Follow closely [Edix14, Section 7]: give the construction of Shimura varieties à la Deligne
[Edix14, Subsections 7.1-7.11]; describe the set of connected components of a Shimura
variety in the case when GGGder is 1-connected, where GGG is the defining algebraic group of
1For more suggestions and references, please ask Riccardo.
2See [Bor19] for an English translation of [Bor69].
3The original proof in [KUY16] uses toroidal compactifications which is more sophisticated.
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the Shimura variety [Edix14, Subsections 7.12-7.13]; define the action of GGG(Af ) on the
limit of Shimura varieties taking over all the compact open subgroups of GGG(Af ) and define
the Hecke correspondence and then define special subvarieties/points of a Shimura variety
[Edix14, Subsections 7.16-7.19, 7.23-7.26]; explain why the special points are analytically
(in particular, Zariski) dense in any special subvariety [KUY18, Lemma 2.5]; describe
the reflex field of a Shimura variety and define the canonical model for zero dimensional
Shimura varieties: class field theory (Artin reciprocity) [Edix14, Subsections 7.27-7.28]
and state [Edix14, Theorem 7.31]; state the André-Oort conjecture. References: ([Edix14],
[Del79],[Del71],[Mil17], [Lan16], [KUY18])

Talk 9: Bi-algebraic geometry: an introduction. ?? (23.06 Frankfurt)[Y. M. WONG]

Follow closely [KUY18, Section 4]: define bi-algebraic structure as well as itsQ-enrichment.
Focus on its geometric part: give examples and describe their corresponding bi-algebraic
subvarieties [KUY18, Subsection 4.1]; define weakly special subvarieties of a Shimura
variety [KUY18, Subsection 3.3] and show that they are the same as the bialgebraic
ones [KUY18, Theorem 4.9] (see [UY11, Proposition 5.1] for the abelian variety case);
introduce the Ax-Lindemann principle and give examples which satisfy this principle
[KUY18, Subsection 4.4]. If time permits, briefly explain the proof of this functional
transcendence property for Shimura varieties [KUY18, Section 7] — explain how to use
Pila-Wilkie counting to prove big monodromy.
I.T.A.: discuss also the arithmetic counterparts [KUY18, Subsection 4.2].

Talk 10: The André-Oort conjecture. ? ? ? (23.06 Frankfurt)[R. ZUFFETTI]

The goal is to deduce the André-Oort conjecture for (pure) Shimura varieties by combining
the definability result [Talk 7], the functional transcendence result [Talk 9], as well as
the Galois lower bounds for special points [BSY21, Theorem 1], using the Pila-Zannier
strategy. Illustrate first how the André-Oort conjecture follows from the geometric
result [KUY18, Theorem 8.1] (the induction step) and the arithmetic result on lower
bounds of Galois orbits of special points [BSY21, Theorem 1], see [KUY18, Section 8]
and [Gao16, Section 2]; prove the induction step [KUY18, Theorem 8.1] following
[KUY18, Subsection 8.1]. References: ([KUY18], [Gao16], [BSY21])

Talk 11: The André-Oort conjecture for Ag: Galois lower bounds for CM abelian
varieties - after Tsimerman and Binyamini-Schmidt-Yafaev. ? ? ?

(30.06 Darmstadt)[Y. LI]

State the height bound conjecture of Binyamini, Schmidt and Yafaev
[BSY21, Conjecture 2]. Then particularizing to Ag, illustrate [KUY18, Theorem 8.7]
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on the heights of pre-special points through the example of the modular curve Y0(1).
Deduce the lower bounds of Galois degrees of CM points by assuming the point-counting
theorem [BSY21, Theorem 3] of Binyamini-Schmidt-Yafaev following [BSY21, Section 2].
Prove the aforementioned height bound conjecture for CM points of Ag: introduce the
Faltings heights and explain that Faltings heights of CM abelian varieties are discriminant-
negligible following [KUY18, Subsections 9.2 & 9.4] (see [FWGSS83, Chapter II] for more
information on the Faltings height); state the comparison between the Faltings heights and
a Weil height [FWGSS83, Theorem 3.1 of Chapter II].

Talk 12: TBD. (30.06)[J. TSIMERMAN]
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