CONES OF HEEGNER DIVISORS

JAN HENDRIK BRUINIER AND MARTIN MOLLER

ABSTRACT. We show that the cone of primitive Heegner divisors is finitely
generated for many orthogonal Shimura varieties, including the moduli space
of polarized K3-surfaces. The proof relies on the growth of coefficients of
modular forms.
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1. INTRODUCTION

Let X be a projective algebraic variety. Both the pseudo-effective cone of X (the
closure of the cone Eff(X) of effective divisors) and dually (by [BDPP13]) the cone
of movable curves are important geometric invariants of X that are notoriously
hard to compute. The same claim can be made for the cone of curves, or dually for
the cone of nef divisors. Mori’s cone theorem is the most important result implying
that extremal rays in the cone of curves in the half-space where K x is negative can
accumulate at most towards the plane K )L( On the other hand, abelian surfaces
provide examples where the all these cones are round. For varieties of general
type the knowledge about these cones is very limited and the existing polyhedrality
results (for example [KKLIT]) have hypothesis that are restrictive or hard to verify.
E.g. it was shown recently by Mullane ([Mull7]) that the effective cone Eff(M, )
of the moduli space of curves is not finitely generated for g > 2 and n > g + 1.

In this note we deduce from properties of modular froms the polyhedrality of a
natural subcone of the pseudo-effective cone on orthogonal Shimura varieties. For
concreteness, we work in the introduction with the moduli space Faq of polarized
K3-surfaces of degree 2d. For every integer d this space is the quotient Foqy =

~+ ~+

O (L)\Dzq of a 19-dimensional complex domain Do, by an arithmetic lattice O (L),
see Section [2] for the background on lattices and this quotient. These moduli spaces
carry an infinite collection of divisors, the Noether-Lefschetz divisors, geometrically
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defined by as the loci of K3-surfaces with Picard group of rank > 2. These divisors
are also called Heegner divisors. They are not irreducible in general. We recall
the structure of the irreducible components, called primitive Heegner divisors, in
Section [l

The structure of the Picard group Pic(Faq) up to torsion is now completely
understood. It is shown in [BLMM14] to be generated by Noether-Lefschetz divisors
and the rank has been computed in [BruO2b]. A next step towards understanding
the geometry of Foq would be to compute the natural cones in Pic(Fzq), the ample
cone and the pseudo-effective cone. The latter contains as a subcone the cone
EffN(Fyq) generated by the primitive Heegner divisors. The theorem of [BLMMI4]
implies in this language that EffN(Fyy) is full-dimensional, but it does not imply
that the two cones coincide. The following theorem answers a question raised by
Peterson in [Pet15].

Theorem 1.1. The cone EHNL(.FQd) generated by the primitive Heegner divisors
is rational polyhedral. In particular it is finitely generated.

The methods can be applied to the more general situation where the lattice L is
an even lattice of signature (b, 2) with b > 3. If L splits off a hyperbolic plane we
show in Theorem [4.1] that the cone of Heegner divisors on the hermitian symmetric
space F, associated with L is rational polyhedral.

If the lattice L splits off two hyperbolic planes, we show in Theorem [£.4] general-
izing Theorem that the cone EffH(]-' 1) generated by primitive Heegner divisors
is rational polyhedral.

To some extent the results carry over to the case b = 2 of Hilbert modular
surfaces. The details are summarized in Section [

Acknowledgments. We thank Alex Kiironya for several useful discussions and
comments.

2. VECTOR-VALUED MODULAR FORMS AND ORTHOGONAL SHIMURA VARIETIES

This section gathers background material and notation on modular forms asso-
ciated with a lattice and orthogonal Shimura varieties.

Vector-valued modular forms associated to a lattice. Suppose that (L, (+,-))
is an even lattice of signature (b™,b~) with quadratic form Q(z) = 3(z,z). We
denote by LY the dual lattice of L and by Dj = LY/L the discriminant lattice.
We let N be the level of L, i.e. the smallest integer such that NQ(u) € Z for every
p e LY. We denote by (x,)uep, the standard basis of C[Dy]. Recall that there is
a Weil representation py, of the metaplectic group Mp,(Z) on the group ring C[Dy]
(see e.g. [Bor9g]|, [Brul2al).

A wvector-valued modular form of weight k € %Z for Mp,(Z) and the Weil repre-
sentation py, is a holomorphic function f : H — C[Dy] that is holomorphic at oo
and that satisfies the transformation law

fom) = o(n)*pr(nf(r)
for all v = (g,0) € Mpy(Z). This space of modular forms is denoted by My, 1. Such
a modular form has a Fourier expansion

f(r) = Z Z Amuq™ Xy, where g = >,

rEDL 0<meQ(p)+2Z
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We suppose throughout that 2k = b™ — b~ (mod 4). Let I,y C Mp,(Z) be the
stabilizer of the cusp oo. For every half-integer k > 2 the Eisenstein series

B = Y o™ pulg.0) o 1)

(9,0) €T, \Mpy(Z)

is a vector-valued modular form in My, 1. There are two subspaces
0
Sk,L C Mk,L C Mk,L

of the space of modular forms that are relevant in the sequel, namely the subspace
of cusp forms Sy ;, and the intermediate space M ,g, ;, of forms whose constant term
is supported at the trivial element of Dy, only. Following [Pet15] we refer to this
space as almost cusp forms. Obviously

Mg = Skr®(Err). (2)

Eisenstein series. The coefficients of the Fourier expansion of the Eisenstein series

Een(m) = Y > errn(mn)qxu (3)

MGDL mZO

have been computed explicitly in [BKO1]. First, the ey 1, are rational numbers and
(compare [Brul6l Proposition 2.1] or [BKO1, Theorem 4.6])

(—1) @RV A ey () > 0. (4)

The constant term of Ej, 1, is given by xo € C[Dp].

We now specialize to the case k = (b™ + b7)/2 = rank(L)/2, which is the
relevant case for the geometric application. In this case, the coefficients of Fourier
expansion of the Eisenstein series are given by the following formulas (see [BKO01

Theorem 4.6]). For a discriminant D € Z \ {0} we define the Dirichlet character

XD = (%) and the divisor sums with character

os(a,x) = Y x(d)d.
dla

For € Dy, we let d, = min{b € Z~o : b = 0} be the order of . For m € Z+Q ()
we denote by NJ ,,(@) the mod-a representation number

L _ . —
Ny ula)=H{reL/al: Q(r+p)=m (mod a)}|.
We will frequently drop the superscript L if it is clear from the context. Moreover,
we define
wp = wp(m,pn) = 14 2ordy(2d,m).
The reason for introducing this is that the normalized representation nunbers
p*I=2FN,,, . (p”) are independent of v if v > w), (see Hilfssatz 13 in [Sie35]).
Suppose that b+ + b~ is even. Then, for p € Dy, and m € Z + Q(u) positive, the
coefficients are given by
(ZW)kmk_l(—l)Ifm 1

er,L(m, ) = VI /LI (k) Lk, xap) ™"

()
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where D denotes the discriminant D = (—1)®"+27)/2| D} | and where

wp(1— 2k)N
p u(P"7)
Em,u = H _ k (6)
p prime 1 XD p)p
pl2mN
N (p"7)
= Ul_k(dim,XALD) H gklufl)wp' (7)
p prime p
p|2N

Suppose that b* + b~ is odd. We write mdi = mof? for positive integers mg
and f with (f,2N) = 1 and ord,(mg) € {0,1} for all primes p coprime to 2N. In
this case
(27T)kmk71(_1)b_/2 L(k — 1/27 XD’) c (8)

|L'/L|T (k) C(2k —1) e

where D’ now denotes the discriminant D’ = 2(—1)¢" 0" +D/2p01 D) | and p(-) the
Mbobius function, and where

ek,L(ma /u’) =

1—xpr ppl/ka o (1 w
Emp = H i(_;l)gk PN L (07) (9)
p prime
p|2mN
Nm, pwp)
= Suoosorntslo) T gt (0
glf p prime

p2N

Estimates for representation numbers. The following lemmas are used to give
lower and upper bounds for the coefficients e ;. Note that the representation
numbers Ny, ,(a) are weakly multiplicative in a.

We let U be the even unimodular lattice of signature (1,1), realized as Z? with
the quadratic form Q((x,y)) = zy (a hyperbolic plane). The following lemma is
well known.

Lemma 2.1. Let m € Z and v € Z>o. Then
NU (") = {(ordp(m) +1)(1-1/p)p”, z:fordp(m) <v,
v(1=1/p)p” +p", if ordp(m) >
Corollary 2.2. We have
1-1/p<p "Ny o) <v+1.

Lemma 2.3. Suppose that L = L1 @ U for an even lattice Ly with rank(L,) =
rank(L) —2. Let p € Dy, and m € Z+ Q(u). Then

1-1/p < pU2RNE (0Y) S v+ 1. (11)
Proof. Any lattice element A € L can be written in the basis of Ly @ U as A =

(M, z,y) with Ay € Ly and =,y € Z. Then Q(A\) = Q(\1) + zy, and we may
suppose that = (11,0, 0) since U is self-dual. We have

NE () = {1 € Li/p" Ly, (z,y) € U/P'U | QM+ p1) +ay=m (mod p)}|
- Z N —Q(A1+p1), 0( ’)-

A €Ly /p¥ Ly
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Hence the claimed bounds follow directly from Corollary [2.2] a

We now derive similar results for lattices which split two hyperbolic planes over
Z. Tt turns out that we get slightly stronger bounds in this case.

Lemma 2.4. Let m € Z and v € Z>o. Then

NUSU () = P (1L+p~H (1 —p~orde(m=1) " iford,(m) < v,
o pP(L+pTt—ph, if ordy(m) > v.
Proof. For the proof we briefly put M = U @ U. The statement for ord,(m) < v

follows from a result of Siegel, see e.g. [BKOI], Theorem 4.5]. The second statement
can be deduced from the first, since

NO@") = #(M/p"M) — > NMp")
a€Z/p" 7
s

v—1
=p" - Z Z Ngb,o(PV)

J=0be(z/pv—I2)*

v—1
=p" =Y W =T (4 p (L —p ).
j=0
Computing the latter sum, we obtain the assertion. ([

Corollary 2.5. We have
1—p 2 <p NIV (") <1+p7".
Lemma 2.6. Let L be an even lattice of rank 2k = b+t + b~. Suppose that L =

Lo®U®U for an even lattice Ly of rank 2k — 4. Let u € Dy, and m € Z + Q(u).
Then for all primes p and all v € Z>¢ we have

1—p 2 <pU=2PNE (p) <14p7'. (12)

Proof. Any lattice element A € L can be uniquely written as A = A\g + A1 with
Ao € Lopand Ay € U@ U. Then Q(A) = Q(No) + Q(A\1) and

L v\ UpU v
Npw@) = D NoChuame®):
)\oeLo/p”Lo
Hence the claimed bounds follow directly from Corollary d

The period domain of orthogonal Shimura varieties and Heegner di-
visors. Let L be an even lattice of signature (b™,2). The Hermitian symmetric
domain Dy, of the orthogonal group of this lattice can be realized as one of the two
connected components of

DLUDp = {z€ Lc : Q(z) =0and (z,7) < 0}/C*.
Following [GHS(7], we let O"(L) be the index two subgroup of the orthogonal
group O(L) which preserves the components, that is, the subgroup of elements
of O(L) of positive spinor norm. We let O(L) be the discriminant kernel of O(L),
that is, the kernel of the natural homomorphism O(L) — Aut(Dy), and we put

0'(L) = O(L) N O*(L).
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The moduli spaces we are interested in are the locally symmetric spaces

FLD)=D\D; for I'CO (L)
a subgroup of finite index. We abbreviate 7, = ]:L((N)+(L)).
For any vector v € LY with Q(v) > 0 the Heegner divisor H,, C Dy, consists of the

~+
points z orthogonal to v. For € Dy, and m € Q(u) + Z positive, the group O (L)
acts on vectors in p + L of norm m with finitely many orbits. Consequently, for

any I' C 6+(L) the (reducible) Heegner divisors, defined as

Hmwr\( > H)

veu+L
Qv)=m

are well-defined in Fp(T'). These are in general neither reduced nor irreducible.

In particular for I' C 6+(L) of large index, H,, , may have many components.
Moreover, all the components have multiplicity two if 4 = —pu and they all have
multiplicity one otherwise (see Lemma below). We will discuss the passage to
irreducible components in Section [4

The tautological line bundle O(—1) on Dy, descends to a line bundle A on Fy,
called the Hodge bundle. (Thus A is anti-ample in our notation). The Hodge
bundle plays no role in our calculation, but the intersection numbers with A arise as
coeflicient extraction functionals, similar to the intersection numbers with Heegner
divisors, see the proof of Theorem

Moduli spaces of K3 surfaces and Noether-Lefschetz divisors. In the spe-
cial case of the lattice L = Loy of signature (19,2) given by

Log = (2d) @ U®* @ E$? (13)

the discriminant group is Dy, & Z/2d. The modular variety

~+
Foa =20 (L)\Dy

is closely related to the moduli space of 2d-polarized K 3-surfaces. More precisely,
an open subset F5,; of Faq, the complement of some Heegner divisors, is the moduli
space of polarized K3-surfaces. See [PSST71] and [Mor83] for the semi-polarized case
and see e.g. [GHS13] for a survey.

Note that in our definition L is isomorphic to the orthogonal complement of the
polarization class H with Q(H) = d in middle cohomology lattice

Lgs = U @ E$?

of the K3-surface with the negative of the intersection pairing. We let w be a fixed
generator of the first summand of L in . Hence, Dy, is generated by w/2d.
The generic algebraic K 3-surface has a Picard group of rank one. The (reducible)
Noether-Lefschetz divisors Dy, o are the closures in Foq of the loci where the Picard
group of the polarized K3-surfaces (S, H) have a class 8 not in the linear space
of H with Q(8) = h — 1 and (8, H) = a. We may assume that 0 < a < 2d. These
are the images in Foq of the hyperplanes Hg C Dyq (see e.g. [MP13l, Section 4.4]).
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The projection onto H+ given by v+ 3 — %dH induces a bijection of the Noether-
Lefschetz divisors Dy, , and the Heegner divisor H,, , with invariants related by

a?

m:ﬁ—(h—l) pw=a- -w/2d mod L. (14)
(The positivity of m is guaranteed by the Hodge index theorem.) We thus use the
terms Heegner divisors and Noether-Lefschetz divisors interchangeably in the K3

case.

3. CONES OF COEFFICIENTS OF MODULAR FORMS

Our goal in this section is to show (in Theorembelow) that the cone generated
by the coefficient functionals of Fourier expansions of vector-valued modular forms
for a lattice L is rational polyhedral on the space of almost-cusp forms. Our main
criterion for rational polyhedrality is the following geometric observation.

Lemma 3.1. Suppose that V is a finite-dimensional Q-vector space and consider
the cone

c = {Z Ancn | all A € Rso, and almost all A, vanish} CVe=V®R

n>0

generated by a countable collection of non-zero vectors (¢,) C V. Suppose that
there exists a codimension one subspace S C V and an element e € V '\ S with the
following properties
i) Writing ¢, = yne + s with s € S, the coefficient v, is positive for all n.
ii) The vectors ¢, converge Rsg-projectively to e, i.e. ¢, /vn —e — 0 € Sg.
iii) Among the c,, there exist elements ¢y, ..., cn, such that a linear combina-
tion Y7y Nicn, with all X; € Rsq strictly positive lies in (e) and such that
the classes of ¢, € V/(e) =S span S.

Then the cone C is rational polyhedral.

Proof. Due to the first condition the cone lies in the half-space of V' where to e-
coefficient is positive. It thus suffices to show that the convex body Cg defined as
the intersection of C with the affine hyperplane e + Sy is rational polyhedron. We
view Cs C Sg by projection along e. Condition iii) now implies immediately that
this polyhedron Cg contains an open neighborhood of zero. Condition ii) implies
that the projections of ¢, to Cs converge to zero in Sg, which is an interior point
of Cg. Consequently, Cg is the convex hull of finitely many points R - ¢, N (e+Sg).
Since these are rational, the claim follows. O

We suppose in the remainder of this section that k > 2, with 2k — bt + b~ =4
(mod 8), and that L = L1 @ U splits off a hyperbolic plane U. Here we want to
apply Lemma to V= (ME,L(@))V7 the dual of the space of almost cups forms
of half-integral weight k& with rational coefficients. This rationality statement and
the rationality hypothesis in Lemma is a restatement of the fact ([McGO3|)
that My, has a basis with rational coefficients.

The direct sum decomposition implies that V' decomposes as

V=(als

where e is defined by e(Ej ) = —1 and e(Sk,.) = 0, and where S is the subspace of
functionals that are zero on Ej ;. We want to apply this lemma to the vectors ¢,
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being the coefficient extraction functionals
Cm,pu - MI?,L(Q) - Q, f = Z Z am,uqmeu = Cm,u(f) = Am,u -
pEDL n>0

for p € Dp, and m € (Q(u)+Z)NQso, i.e. the index set consists of pairs n = (m, u).

Condition i) of the lemma is simply a restatement of . Note that the strict
positivity follows from the fact that L splits off a hyperbolic plane over Z. Condition
ii) of this lemma is a consequence of the following proposition.

Proposition 3.2. Assume k > 5/2. For u € Dy, and m € Q(u) + Z positive, the
coefficients ey, ,(m, ) of the Eisenstein series Ey 1 are negative and satisfy

—ep.p(m,pu) > Crp-mF=!

for some positive constant Cy 1, depending on the weight and the lattice.
If k =2 coefficients e, 1.(m, 1) of the Eisenstein series Ey, 1, are negative and for
every € > 0 the is a positive constant Cp, . depending on the lattice such that
—ea,p(mypu) > Cp.-m'™=.
For any k > 2 the coefficients am,,, of any cusp form f =" am ¢ Xy € Sk,L
are bounded above in absolute value by
[ < Cpemi=ite (15)
for some positive constant C'y . depending on f and €.

Proof. The last statement is the Weil bound for the coefficients of cusp forms, see
e.g. [Sar90], Proposition 1.5.3 and Proposition 1.5.5.

The negativity in the first statement is a consequence of and our congruence
condition on k. To prove the lower bound, given the factor m*~! in both and ,
we have to bound the other terms that depend on m uniformly from below.

In the case bT odd we use the expression in . Lemma gives a lower
bound for Ny, ,(p™*)/ pE=Dws for the finitely many primes dividing 2N. For the
remaining terms we use the estimate that for £ > 5/2

> wlg)xo (99" Foaak(flg) = 1= "> Fos ai(f/9)

glf glf
g>1

1 (C(2) - 1)¢(3) > 1/5.

In the case b* even and k > 3 we use the expression . Again, Lemma gives
a lower bound for the normalized representation numbers and together with

o1-k(dim, xap) > 1—(¢(2) —1) >0

we obtain a uniform lower bound for €, ,. Finally, in the case k = 2 we split off
the contribution of the divisor 1 to al,k(dim, Xap) and use the estimate

Ul,k(dim7x4p) <o (dim) = O(log(m))

for the remaining terms. ([

Y

Because of the direct sum decomposition V' = (e) @ S provided by the conditions
in Lemma its condition iii) can be formulated equivalently in terms of the
restriction of the coefficient functionals

Cmp = Cmoulsy (@ Sk,L(Q) = Q
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to the subspace of cusp forms with rational coefficients. The statement is precisely
the content of the following proposition.

Proposition 3.3. There exist indices ((m;, p;))5_; and real numbers X; > 0 such

that
Z Ai Cmip; = 0
i=1
in Sk, (R)Y and such that the functionals (G, ., )i—1 span Sk, (R)Y.

Proof. As in [Brul6] we write L~ for the lattice (L, —Q). We identify the Weil
represenstation pr- with the dual representation of pr. The product of a weakly
holomorphic modular form h of weight 2 — k for the representation p;- and any
element g € Sk is a weakly holomorphic modular form of weight 2 for Mp,(Z),
i.e. a meromorphic differential form on the modular curve X (1). The residue at the
cusp oo of hg vanishes by the residue theorem. The idea is to construct a weakly
holomorphic modular form h for p;- whose principal part at oo has non-negative
coeflicients only and whose principal part has sufficiently many non-vanishing terms
(that will be the A; of the proposition) so that the residue pairing g — Res(hg)
involves a spanning system of S, r(R)".

This follows from [Brul6l Lemma 3.5 and Proposition 3.2]. In fact, let

t, =min{-Q\) | A€ p+L, —Q(\) >0} € xZso for pe€ Dy
and let T = max{t, | p € Dr}. Choose B € Z sufficiently large such that the
weight &’ := 2 — k 4+ 12B > 2 and such that the functionals ¢, for ¢ < B —T
generate Si (R)V.
We claim that the weakly holomorphic modular form
h(r) = A1) PEp 1~ (1) € My_y, -
has non-negative Fourier coefficients ¢, ¢(h) and moreover
cop(h) >0 forall peDy, (€Z—-Qu), (>T-B.

To see this, note that the Fourier expansion of A(7)~% is ¢~ times a positive power
of the generating function [ j +1(1—¢7)71 of the partition function. Consequently,
¢;(A7B) > 0 for integral j > —B and zero otherwise. If y € Dy, and £ € Z — Q(u)
then

cou(h) = Ceft“(A_B) “eprn—(tus ) + Z ci(AB) ep - (€ —j, ).
f—t,<jET
The congruence hypothesis on k implies that
2k —bT(L7)+b (L7) = 2K —b~ +bT = 0(8)

and hence that by all the coefficients ey (-, -) are positive. Consequently,
the first summand of the right hand side is positive by the definition of ¢, and the
hypothesis on ¢, and the other summands are non-negative. This implies the claim.

Let ((mg, f1))5_, be some enumeration of the pairs (m, p) for u € Dy, and m €
Z + Q(p) with 0 < m < B —T. By our choice of B, the functionals ¢, .,
span Si,,(R)Y. If we let \; = ¢, u; (h), then the residue theorem applied to gh
implies

Z/\i Emhﬂi (g) =0
=1
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for any g € Sk L. a

Not only this proof breaks down if the congruence hypothesis on k is violated,
the statement is wrong is this case, as pairing the weakly holomorphic form i with
the Eisenstein series Fj ; bshows, since all its coefficients are positive, including
the constant term.

We summarize the results of this section to the following statement.

Theorem 3.4. Let L be a lattice of signature (b™,b7) that splits off a hyperbolic
plane. We suppose that k > 2 and 2k — b+t + b~ = 4 (mod 8). Then the cone C
generated by the coefficient functionals ¢y, on the space of weight k almost cusp
forms MY | for the lattice L (where u € Dr, and m € (Z+Q(u))NQxo) is a rational
polyhedral cone. In particular, the cone C is finitely generated.

4. CONES OF PRIMITIVE HEEGNER DIVISORS

We now translate the results of the previous section into geometric statements.
We suppose for the rest of this paper that b~ = 2 and put kK = 1 + b7 /2. Our
motivation for studying cones of coefficient functionals in spaces of modular forms
comes from the following transport of structure to the rational Picard group of
orthogonal Shimura varieties. By [Bor99] or [Bru02al, Theorem 0.4], the map

¢ My L (Q)Y — Picg(FL(I)), Cmp = Hppi s (16)

sending the coefficient extraction functional ¢, ,, to the Heegner divisor H,, , and
the coefficient extraction functional —cp . to the Hodge class A, is a homomor-
phism. We use this to show:

Theorem 4.1. Let I’ C 6+(L) be a finite index subgroup. Suppose that b+ > 3
and that L splits off a hyperbolic plane. Then the cone generated by the (reducible)
Heegner divisors Hy, ,, on Fr(T') is rational polyhedral.

Proof. Since b~ = 2 and k = 1+b7 /2, the congruence condition for k in Theorem
holds. The claim follows from this theorem and the fact that the image of a rational
polyhedral cone under a linear map is still rational polyhedral. O

The map 1 is injective in many situations (e.g. if L splits off two hyperbolic
planes, [Bru02al]), we will use this below. It is moreover surjective ([BLMMI14]) un-
der the hypotheses made here. This implies that the image cone is full-dimensional.

The second goal of this section is to discuss the passage from primitive to (re-
ducible) Heegner divisors and to prove Theoremstated in the introduction, and
the generalization Theorem [4.4] below.

Primitive Heegner divisors. The Heegner divisors are in general not irreducible.
The divisibility of the defining lattice element v € LY with Q(v) = m and v =
# mod Dy, is an obvious invariant distinguishing irreducible components. Since

divisibility is preserved by the action of (~)+(L), the definition

Pps = 6+(L)\ ( Z Hv>~

L+93v primitive,
Qv)=A
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for 6 € Dy, and A € Z + Q(0) gives well-defined divisors in Fy,, called primitive
Heegner divisors. By definition (and the fact that any lattice vector can be written
uniquely as a positive multiple of a primitive lattice vector)

Hm,,u = Z Z Pm/r2,5 . (17)

r€lso 6€DL
r?|lm Té=p
Here and in the sequel we say that r2 | m with m € Q(u) + Z if there exists
6 € Dy with m/r? € Q(6) + Z. We could drop this condition, since P, 2 s is
empty otherwise.
The converse to follows from a variant of Mobius inversion.

Lemma 4.2. The primitive divisors Pa s can be written in terms of the Heegner
divisors H,, » as

Pas = Y pu(r) Y. Hapro- (18)

r€ZL>0 oc€Dy,
r2|A ro=0

Proof. The statement for A without quadratic divisors is obvious and from the
definition in and induction on the number of quadratic divisors we obtain

Has— Y, Z( > M(t)ZHA/SQt’Ra)

1#£s:82|A Ts=0 \ t:t2|A/s? ot=1

Has— > < > N(t)ZZHA/s2t2,U>~

1#£s:82|A \ t:t2|A/s2 T5=§ ot=T

P s

(19)

We can group the interior double sum as a single sum over all o with o - st = §.
We let r = st and consider the summands contributing to Ha 2 o. It remains to
show that for given r the exterior double sum including the factor u(t) adds up
to u(r). If some prime divides r more then once, the claimed contribution follows
since " ;cp(—1)l =0 = u(h) for any finite set (of primes) P. In the remaining
cases, one summand is missing in the subset summation since 1 # s, and with the
global minus sign we obtain the coefficient p(h) we want. O

Primitive Noether-Lefschetz divisors. In the case of K3-lattice L = Lo4 the
decomposition of Heegner divisors into irreducible components can also be described
by a geometric decomposition of Noether-Lefschetz divisors. The Picard group of
a generic member of the Noether-Lefschetz divisors contains a rank two lattice A
with signature (1,1). Conversely, the intersection matrix A with a distinguished
element H with Q(H) = 2d has the intersection form

2d y
M= <y 293)
with respect to some basis {H, 3} starting with H. The discriminant A(A) =
det(My) € Z and the coset 6 = y mod 2d are invariants of such a lattice and
it is easy to show that the pair (A,d) is a classifying invariant of such rank two
lattices. We now define the primitive Noether-Lefschetz divisors Pa s to be the
closure of the locus of K3-surfaces that have a sublattice A C L3 of signature
(1,1), containing H and we provide them with multiplicity one or two depending
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on 26 # 0 or not modulo 2d. The similarity in notation to primitive Heegner
divisors is intentional, since we claim that

Pas = Pajadsw/2d) - (20)

This can be seen from the definitions, tracing the definitions along the bijection
v - H between Heegner and Noether-Lefschetz divisors given along with

equation .

The main result on Eff" (FL). We suppose in the remainder of this section that
bt > 3 and that L = Ly ® U®? splits off two copies of a hyperbolic plane U. We

put k=1+b"/2and T = (N)+(L), i.e. we work on the Shimura varieties Fr,.

Lemma 4.3. Under these conditions the primitive Heegner divisors Pa s are irre-
ducible if 20 #0 € Dy. If 20 =0 € Dy, then Pa s is (if non-empty) an irreducible
divisor with multiplicity two.

Proof. The multiplicity two stems from the fact that v and —v give the same divisor
if 26 = 0 € Dp. It remains to show that any two primitive elements in LY with the

~+
same norm and the same Dp-coset lie in the same O (L)-orbit. This can be done
using Eichler-transformations, see Lemma 4.4 in [FHO0]. |

The primitive Heegner divisors in our main result are thus irreducible.

Theorem 4.4. The cone EHH(]-"L) generated by the primitive Heegner divisors
Pa 5 is rational polyhedral. In particular it is finitely generated.

We prove this theorem in the same way as Theorem [3.4] using a refinement of
the estimate in Proposition [3.2] Together with the main observation of the proof
of Lemma the following proposition implies that the vectors corresponding
to primitive Heegner divisors still converge to an interior point of the cone C =
Eff(FL). Theorem and Theorem follow immediately from the following
statement. Let ¢ = 1)1 be the inverse of the map 2 defined in .

Proposition 4.5. Under the identification ¢ any infinite sequence of pairwise dif-
ferent primitive Heegner divisor Pa s converges R -projectively to the functional e.

Proof. As in Proposition we show that there is a constant C' > 0 and for any
€ > 0 and any cusp form f of weight k there is a constant Cr. > 0 such that the
bounds

¢(Pas)(Er,) > C-AF!

for the coefficients functional evaluated at Eisenstein series, and
P(Pas)(f)] < Cpe-AZT3% if ke

hold for any § € Dy, and any positive A € Q(4) + Z.

The claim about cusp forms follows immediately from 7 since the number of
summands in contributing to Pa s is at most Dy, times the number of square
divisors of A, which is O(A®) for any e.

In order to estimate the Eisenstein series contribution,we define K, C Dy, to be
the kernel of the multiplication by 7 and we observe that 1 < |K,.| < r2¥=%, since
the lattice Lg is of rank 2k — 4.
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In the case bt odd, we deduce from and the formula for the coeffi-
cients that ¢(Pa s) evaluated at the Eisenstein series is equal to A¥~1 times some
constants independent of A times

QA8) = 3wl Y ammeana (21)

rr2|A pur=a0

where €,,,,, was defined in @ We want to show the that there is some C > 0
such that Q(A,d) > C for all A. By definition of the Mobius function, Q(A, d)
is greater or equal to a5 (stemming from 7 = 1) minus the sum over subsets P
of odd cardinality of the set of prime divisors of A. In order to estimate these
negative contributions from above, we compare ea s with e /,2, using (@ First
we remark that we can arbitrarily enlarge (by Theorem 7 in [BKOI]) the set of
primes over which the product runs. Hence we can suppose that the product runs
over the same set of primes when computing ea,5 and € /,2 ,. The terms 1 —p'~2
obviously cancel and we claim that the same holds for the terms 1 — xp (p)p'/>~%.
Here D' = 2(—1)®"+0"+1/2A| D, | and the corresponding discriminant associated
with A/r? is by definition D’ = D' /r3, where we have written r = ror; with r; the
largest factor in r coprime to 2/N. Said differently, D' and D’ differ only in prime
factors p dividing 2N and for those xp/(p) = 0 = x5, (p) since 2|Dy| divides D'
As quotient of the remaining factors we obtain

2 2
VAP P A2 Ny B/ )
ers p P AA=2R) N 5 (pun(8:9))
(22)
B pwp(A,S)(172k)NA/T2’M(pwp(A,6))
= | porBA2RI N 5(pr(B.9))
plr ’
According to Lemma [2.6] we get the bound
EA/TQ,u 1+ p_l 1
< = . 23
e T - T 3
' plr plr
Using | K| < r?*~*, we obtain
Al 1
Q(A,9) >1- Y 1
EALS ‘P| plp—1)
odd peP (24)
21 5( I () - I (- 5m)
2 p prime p(p - 1) p prime p(p - 1)

The Euler products appearing on the right hand side are known as Landau’s totient
constant

1 315
[] (1 7) = 2220(3) = 1.943596...
. ( +p(p—1) 2t )
p prime
and Artin’s constant

11 (1 - ]ﬁ) — 0.373955...,

p prime



14 JAN H. BRUINIER AND MARTIN MOLLER

respectively. Inserting the numerical values, we see that

Ad
M > 0.215179.... > 0, (25)
€A,
which can be rigorously proven to be positive by standard remainder term estimaes
for zeta-functions.

. « . . . . > 2
The case bT even is similar, but easier. Again we need to estimate -2

EALS

from @ uniformly from below. By Theorem 7 in [BK01] we may again suppose
that the product runs over the same set of primes for A and A/r?. This time,
the discimrinant involved in 1 — xp(p)p~* does not depend on m. Hence the
corresponding factors cancel. The remaining expression is the same as in and
can be estimated as in above. (]

5. THE CASE OF HILBERT MODULAR SURFACES

Let F = Q(v/D) be a real quadratic field of discriminant D > 0 with ring of
integers Op. Denote the conjugation in F by v +— v/. The Hilbert modular surface
associated with F' and an ideal b C Op is the quotient Xrp = SL(Op @ b)\H?, see
e.g. [vdGR88]| for a textbook reference. In this section we show that the results of
the preceding sections partially also apply to Hilbert modular surfaces.

We first remark that the cone generated by Heegner-divisors (also called Hirze-
bruch-Zagier cycles in this case) is no longer full dimensional on Xz, contrary to
the case of b™ > 3 (see [BLMMI4]). First, the two foliations on Hilbert modular
surfaces define two line bundles £; and L2 on Xp . Heegner-Divisors always lie
in the subspace whose intersection with £; ® £ Lis zero. Second, even in this
subspace, the cone is not always full-dimensional, see [HLRS6].

Hilbert modular surfaces nevertheless fall into the scope of the preceding sections.
In fact, let B = N(b), and consider the lattice

/
Lb:{@ l;) er,yeBZ,veb}

with the integral quadratic form Q(X) = —+% det(X). The dual lattice of Ly is
given by
/
Lg/:{(i l;) : er,yeBZ,ueD;lb},

where 9p C Op is the different ideal. In particular, we have L /Ly = a;l/OF.
The Hilbert modular group SL(OF @ b) acts on Ly by

(9. X)—gX'g

for g € SL(Op @ b) and X € Ly. This action preserves the quadratic form @, and
according to [Bru08, Section 2.7] it induces an isomorphism

SL(OF @ b) = Spin(Ly).

On the other hand, according to [MP16|, Lemma 2.6], the image of the spin group
of a lattice in the orthogonal group is given by the intersection of the stable special
orthogonal group with the subgroup of elements with positive spinor norm, that is,

Spin(Le)/{+1} = SO (Ly).
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Consequently, we have SL(Op @ b)/{£1} = SA6+(L[,), and

—~ +
XF,h %J]:Lb (SO (Lh>)

The explicit identification of X with the orthogonal Shimura variety on the right
hand side is given by [Bru08, Equation (2.33)]. The Heegner divisors on the right
hand side can be identified with Hirzebruch-Zagier divisors on Xpp.

To describe the symmetric Hilbert modular group, we consider the vector A =
(6 %) € Ly with Q(X\) = 1. The reflection 7, € O(Ly) taking A to its negative

~+
and fixing its orthogonal complement belongs to O (L) and has determinant —1.
On H x H it induces the transformation

(21,22) — (_BZQ’_le> . (26)

~+
Hence, the projective symmetric Hilbert modular group is isomorphic to O (Lg),
and the corresponding symmetric Hilbert modular suface is given by

symm ~u ~+
Xy " = FL, (0 (Le)).

Since Ly splits one hyperbolic plane over Z, we may apply Theorem in this
situation.

Corollary 5.1. The cone generated by the (reducible) Hirzebruch-Zagier cycles on

the Hilbert modular suface Xpy is rational polyhedral. The same statement holds

on the symmetric Hilbert modular surface X3 g™

It seems quite plausible that the rational polyhedrality can be extended in the
case of Hilbert modular sufaces to the cone generated by the irreducible compo-
nents of Hirzebruch-Zagier cycles. The description is more complicated than in the
case when L splits off two hyperbolic planes. It has been given in many cases by
Hirzebruch, Franke and Hausmann, see e.g. the survey and references in [MZ16],
Section 5.2] or [vdG88| Section 5.3].
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