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Ubungsblatt 5

Aufgabe 1 (6 Punkte)

Let L/K be a field extension together with intermediate fields E and E’ such that F/K
and E'/K are finite Galois extensions.

(i) Prove that F - F’ is finite and Galois over K, and that the homomorphism
¢: Gal(E - FE'/E) — Gal(E'/ENE'), o ol
is an isomorphism.
(ii) Prove that the homomorphism
n: Gal(E - E'/K) — Gal(E/K) x Gal(E'/K), o+ (olp,olp)

is injective. Show also that if £ N E’ = K, then 7 is surjective and hence an
isomorphism.
(iii) Prove that [F - E': K| = %

(iv) The previous formula is in general false if E/K and E’/K are finite but non-Galois.
Show that with an example.
Hint: consider two simple extensions of Q generated by two different roots of X3 —2.

Aufgabe 2 (10 Punkte)
Let ag ¢ == svV3 + t\/2, where s,t € Q.
(i) Prove that Q(aq,1)/Q is a finite Galois extension.
) Compute [Q(a1,1) : Q].
) Compute Gal(Q(a1,1)/Q).
(iv) Compute all intermediate fields of Q(c,1)/Q.
) Compute the minimal polynomial of a; ;.
)

Prove that Q(ay ) = Q(a1,1) if and only if s - ¢ # 0. Prove also that Q(as¢)/Q is
finite and Galois for every s,t € Q.

(vii) Compute the minimal polynomial of a,; over Q, for every s,t € Q.

Hint: you can use Aufgabe 1 and Ubungsblatt 2 Aufgabe 3. Recall that Gal(Q(as,)/Q)
permutes the roots of the minimal polynomial of o ;.

Please, upload your solutions on the Olat page of this course, by 14:00 on Tuesday,
8.12.2020.


https://olat-ce.server.uni-frankfurt.de/olat/auth/RepositoryEntry/9874276374/CourseNode/101584722127365

