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Aufgabe 1 (3 Punkte)

Let L/K be a field extension.

(i) Let α, β ∈ L be algebraic over K. Prove that α+ β and αβ are algebraic over K.

(ii) Suppose that [L : K] = p is a prime. Prove that there exists an element α ∈ L
such that L = K(α).

(iii) Suppose that [L : K] = 2k for some k ∈ N. Let f ∈ K[X] be a polynomial of
degree 3. Prove that if f has a root in L, then it has a root already in K.

Aufgabe 2 (4 Punkte)

Prove that a field extension L/K is algebraic if and only if every subring R satisfying
K ⊂ R ⊂ L is a field.

Aufgabe 3 (3 Punkte)

Let F/K be a finite field extension, and let E and L be intermediate fields. We denote
by E · L the smallest subfield of F containing E and L.

(i) Let S and T be subsets of F such that E = K(S) and L = K(T ). Prove that

E · L = K[S ∪ T ] = K(S ∪ T ).

(ii) Prove that [E · L : K] ≤ [E : K][L : K].

(iii) Provide an example where the previous inequality is strict and an example where
the previous inequality is an equality.

Aufgabe 4 (6 Punkte)

(i) Let f(X) = adX
d + · · · + a0 ∈ Z[X], with ad 6= 0, and let r

s ∈ Q be a root of f ,
with gcd(r, s) = 1. Prove that r|a0 and s|ad.

(ii) Find out which of the following polynomials are irreducible in Q[X].

X3 − 3X − 1, 2X3 − 3X − 1,

3X3 − 3X − 1, X4 + 3X3 +X2 − 2X + 1.

(iii) Prove that the polynomial X2Y +XY 2 −X − Y + 1 is irreducible in Q[X,Y ].

Please, upload your solutions on the Olat page of this course, by 14:00 on Tuesday,
17.11.2020.

https://olat-ce.server.uni-frankfurt.de/olat/auth/RepositoryEntry/9874276374/CourseNode/101584722127365

