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Ubungsblatt 3

Aufgabe 1 (4 Punkte)

Let (M,g) be a Riemannian manifold. Let D : A°(TM) — AY(TM) be a connection on
the real tangent bundle T'M. Let D,(u) € TM be the tangent vector obtained by applying
D(v) € ANTM) = A(End(TM)) to u € TM. Recall that the Lie bracket [-,-]: A%(TM) x
AT M) — AY(TM) is defined locally by

0

[u, 0] = D (dbj(u) — da;(v)) 5 —

r Ox;

foru=75, aia%i andv=>, bia%i‘ Define the torsion of a connection D as

Tp: TM xTM — TM, Tp(u,v)= Dyv— Dyu— [u,v].

(a) Show that T € A?(TM), namely that it is skew-symmetric and A% linear.
(b) Write locally D = d + A, where A is a one form with values in End(T'M). Show that

Tp(u,v) = A(u)(v) — A(v)u

for any u,v € A°(TM).

Aufgabe 2 (4 Punkte)

Let (X,h) be a hermitian complex manifold. Let g := Re(h) be the induced Riemannian
metric on the real tangent bundle.

(a) Show that, under the natural isomorphism TX = T10(X), any hermitian connection
V}, on TH(X) induces a metric connection Dy, on the Riemannian manifold (X, g), i.e.
dg(u,v) = g(Du,v) + g(u, Dv).

et Vy, be a hermitian connection with I'p, = 0. Show that Vy, 1s the ern connection
b) Let Vi beah it i ith Tp, = 0. Sh hat V}, is the Ch i
and that Im(h) is a Kéhler form on X.

Remark: A metric connection D with Tp = 0 is called Levi-Civita connection. It is unique.
One can prove also a converse of the last statement, so remember that if X is a Kéhler
manifold, the unique Chern connection on the holomorphic tangent bundle corresponds to
the unique Levi-Civita connection on the real tangent bundle.

Aufgabe 3 (2 Punkte)
Let X be a Riemann surface. Show that for any line bundle Ox (D) it holds

Cl(OX(D)) = deg(D).



Aufgabe 4 (6 Punkte)

Let f: X — B be a family of Riemann surfaces. Recall that the flat vector bundle H over
B given fiberwise by H; = H' (X}, C) defines a representation

ps:m1(B,b) — Aut(H'(X,C))

for any b € B. Compute the representation p; for the two following families:

(a) x = Z(y* = (2> —b)(z — 1)), B =D;(0) \ {0} is the punctured unit disk and the family
map is [ : (z,y,b) — b.

b) x=2Z@W*=xz(x—1)(z —b)), B=AL\{0,1} and the family map is f : (z,y,b) — b.

Hint: First of all compute the genus of A}. Then, for all b € B, consider X} as a ramified

cover of P! via the projection 7, and find a symplectic basis of Hy (X}, C) by lifting loops in
P\ 7., via 7, where 7, is the set of ramification points.

Abgabe: Zu Beginn der Ubung um 14:15 Uhr am Mittwoch, den 5. Juni.



