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Aufgabe 1 (4 Punkte)

Let M be a differential manifold and (U, ¢) a local chart. We write ¢ in local coordinates as
© = (x1,...,2,), where n = dim(M). Let d : A¥(U) — A**1(U) be maps such that:

e d is linear;
o df =31 fLda; for all f € C=(U);
e dwha)=dwiAa+ (—1)fwAda if we AF(U);
e d2f =0 for all f € C>®(U).
(a) Prove that d is well-defined and that d?(w) = 0 also for every differential form w.

(b) Prove that the map d : A¥(U) — A**1(U) satisfying the previous property is unique
for all k.

(¢) The definition of d is local depending on U. Prove that all the d glue together to a
well-defined map, called exterior derivative,

d: AF (M) — AL ().

(d) *E] Show that the pullback of a smooth map between differential manifolds induces a
map of de Rham complexes (i.e. the pullback of forms commutes with d).

Aufgabe 2 (4 Punkte)

Let V be a finite dimentional vector space. Given v € V, define for every k € N the maps

k k—1
iv: NV — AV
W — iy (w)
where i, (w)(v1,...,05-1) = w(v,v1,...,v5_1) for every vy ..., v5_1 € V.
(a) Check that iy(w A7) = iy(w) A1+ (—1)Fw Aiy(n) if w € AFV*
Hint: recall that if w € A" V* and n € A*V* then
wANL, .k = Y 880(0) - W(Va(1); - Vo)) N Vs(t1)s - > Vo))
O'Gskyg

for every v1,...,vp4¢ € V, where Sy, is the subset of the symmetric group Sy, con-
taining all the permutations such that

o)< ---<o(k) and o(k+1)<---<o(k+1¥).

!The exercises with ¥ are optional.



(b) Let M be a differential manifold and let X : U — TU be a (local) vector field on
an open U C M. We define Liex := doix 4+ ix o d pointwise. Fix a local chart
(U,go = (x1,... ,xn)) and check that Lieai(fdxl A ANdxy) = O Qzy Ao A dz,,

; o 817]'
where r < n and f € C®(U).

Aufgabe 3 (8 Punkte)

The aim of this exercise is to compute the de Rham cohomology in some examples. Recall
that HY g (R™) = R and H{g (R™) = 0 when ¢ > 1.

(a) Let M = H;L:1 U; where the U; are connected open subsets of R™. What can you say
about H{ . (M)? Compute HYp (M).
R, ifg=0,1,

0, ifg>2.
Hint: use the Mayer-Vietoris sequence.

(b) Show that Hiy(S1) =

R, if g=0,n,

0, otherwise.

(c) Generalize the previous point showing that Hfj, (S™) = {

R, ifg=0,
(d) Show that Hiz (R*\{2 pts}) 2 { R?, ifg=1,
0, otherwise.

Hint: use Mayer-Vietoris.

(e) % Compute the de Rham cohomology of a cylinder, i.e. of S x R.

R, ifg=0,2,
(f) % Let T'=S' x S! be a torus. Show that Hf . (T) = { R?, if g =1,
0, otherwise.

Hint: the easiest way is to compute directly the cohomology with the following result,
called Kiinneth theorem.

Let M, N be differential manifolds and suppose that the cohomology of N is finite di-
mensional. Then for 0 < g < dim(M) + dim(N)

HYM x N)= @ H*(M)® H*(N).
a+b=q

Try to solve this problem also without the Kiinneth formula, using again Mayer-
Vietoris.
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