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Abstract

In a continuation of previous investigations on deterministic reduced atmosphere
models with compact state space representation (Achatz and Branststor, 1999) two
main modifications are introduced: First, primitive-equation dynamics is used to
describe the nonlinear interactions between resolved scales. Secondly, the seasonal
cycle in its main aspects is incorporated. Stability considerations lead to a grid-
point formulation of the basic equations in the dynamical core. A total energy
metric consistent with the equations can be derived, provided surface pressure is
treated as constant in time. Using this metric, a reduction in the number of degrees
of freedom is achieved by a projection onto three-dimensional EOQFs, each of them
encompassing simultaneously all prognostic variables (winds and temperature). The
impact of unresolved scales and not explicitely described physical processes is incor-
porated via an empirical linear parameterization. The basis patterns having been
determined from three sigma levels from a GCM data set, it is found that, in spite
of the presence of a seasonal cycle, at most 500 are needed for describing 90% of
the variance produced by the GCM. If compared to previous low-order models with
quasi-geostrophic dynamics our reduced models exhibit at this and lower-order trun-
cations a considerably enhanced capability to predict GCM tendencies. An analysis
of the dynamical impact of the empirical parameterization is given, hinting to an

important role in controlling the seasonally-dependent storm-track dynamics.



1 Introduction

The development of a reduced model of atmospheric dynamics is an attempt at explicitely
dealing only with the essential degrees of freedom represented by the climate attractor
while still not giving away much realism in comparison to nature or standard general
circulation models (GCM). A basis of near-optimal patterns is used which span about ev-
ery conceivable atmospheric state-vector while simultaneously ignoring improbable cases.
The low-order model for the corresponding expansion coefficients provides an interesting
practical test of the complexity of the climate attractor.

Besides this more fundamental motivation, and a rather distant aim to eventually also
use reduced models in climate change studies, the main incentive for their development
originates from the hope that they might serve as improved substitutes for traditional
low-order models. Due to an ever decreasing comprehensibility of specific simulation
results from the most realistic GCMs, these have always been important tools scientists
have resorted to when the understanding of fundamental dynamical processes was the
aim (e.g. Lorenz, 1963; Charney and DeVore, 1979; Legras and Ghil, 1985; Vautard and
Legras, 1988; Michelangeli et al., 1995; Hannachi, 1997). However, they have shared the
weakness of either being only in qualitative agreement with nature or focussing on special
areas of the globe. It could be interesting to set some of the lessons we have learned from
low-order models on firmer ground by using more realistic reduced models. Furthermore,
enhanced realism might also facilitate the study of new problems which have so far been
out of reach for low-order modelling.

For clarification, a few words might be added on what we mean by a reduced model.
Clearly, this term already seems justified if applied to any model using simplifications

which go farther than traditional spatial filtering, e.g. by severe spectral truncation, or



dynamical filtering, as e.g. done in quasi-geostrophic models. A very interesting work in
this regard has been published by Moise and Temam (2000) who outline a general strategy
for using group renormalization methods in reductions of the incompressible Navier-Stokes
equations. A considerable way might however still be left until their concepts can be
applied to the primitive equations on a sphere. Another important class of dynamical
simplifications is represented by linear models supplemented by stochastic forcing. They
have been quite successful in the description of several aspects of the climate system, be
it atmospheric transient-eddy activity (e.g. Farrell and Ioannou, 1993, 1994; Whitaker
and Sardeshmukh, 1998; DelSole and Hou, 1999; Zhang and Held, 1999) or tropical SST
variability (Penland and Matrosova, 1994; Penland and Sardeshmukh, 1995). Here it
is interesting to note that, in some cases, it was not only the parameterization of the
nonlinear impact by linear damping and additive noise which led to an especially simple
description. Additionally, the use of a basis of empirical orthogonal functions (EOF)
also provided a state space compression which goes far beyond the reaches of traditional
spectral expansions.

This brings us to our personal definition of a reduced model: Irrespective of the
dynamical equations employed it should contain a state space description using as few
degrees of freedom as possible while retaining realism and comprehensiveness. Given a
certain low number of degrees of freedom this is to be achieved by (1) the use of optimal
basis patterns and (2) suitable parameterizations of the impact of unresolved scales and
processes. Varying within this framework the number of basis patterns can then yield
insights into the overall complexity of the atmosphere. Furthermore, we want to have a
model formulation which can describe in some sense the impact of changes in the large-

scale state of the system onto its local linear dynamics and onto the nonlinear, fluctuating,



forcing of the larger scales by the smaller ones. In the context of stochastic modelling this
seems to be a difficult problem which is just beginning to be mastered (DelSole, 2001).
Therefore we focus here on reduced models which are nonlinear and deterministic.

In practice the optimal basis is approximated by some near-optimal set. While tradi-
tional spherical harmonics are not well suited for this purpose, interesting candidates are
principal interaction patterns (PIP; Hasselmann, 1988) and EOFs. The latter, although
being less optimal than PIPs (Kwasniok, 1996, 1997; Achatz and Schmitz, 1997) have
the advantage that they are obtained with relatively little work. Moreover, they have
been shown to serve reasonably well as a basis of reduced atmosphere models (e.g. Rinne
and Karhilla, 1975; Selten, 1995, 1997a,b; Achatz and Branstator, 1999; d’Andrea and
Vautard, 2001). Another interesting alternative has recently been suggested by Farrell
and Ioannou (2001). They discuss truncations of the dynamics of linear models in Hankel
representation which, due to their incorporation of the leading stochastic optimals into
the reduced basis, might enhance the ability of the simplified model to correctly respond
to external perturbations. They have, however, not yet shown how their method can lead
to deterministic nonlinear reduced models. This special case being the very focus of our
work we have therefore chosen to concentrate for the present on EOF models and to try
to learn as much as possible from those, for later times losing the option of even more
advanced approaches not out of sight.

Within the context of EOF-modelling a promising strategy is the use of semi-empirical
models. These are obtained by projecting an approximate, but still resasonable, dynam-
ical model for the prognostic fields (the dynamical model core) onto the basis patterns
and extracting a parameterization of the impact of unresolved scales and not explicitely

described processes by empirical means from some reference data set. An interesting re-



sult by Achatz and Branstator (1999, henceforth called AB) has been that such an EOF
model, based on a quasigeostrophic two-layer model core and closed with an empirically
determined linear parameterization, is reproducing not only the mean state and transient
fluxes but also the leading variance patterns from a perpetual January GCM integration.
Furthermore, shedding some light on the complexity of the GCM’s attractor, it was ob-
served that in many respects a model based on as few as 30 patterns was already behaving
in a correct manner, while 500 patterns were necessary to represent the daily weather at
sufficient accuracy.

Nonetheless, some limitations of this work must be recognized. First, both GCM and
reduced models did not simulate the seasonal cycle. Secondly, even for the larger EOF
model with 500 basis patterns the local tendency errors were still considerable (about
50%). Finally, the reduced models did not respond correctly to anomalous local heating
in the tropics. The second problem could possibly be traced back to the use of a quasi-
geostrophic model core for the global nonlinear dynamics. Even the third problem might,
at least in parts, be due to this deficiency. Before resorting to farther-going alternatives as
e.g. trying a basis with stochastic optimals, as suggested by Farrell and Ioannou (2001),
it therefore seemed worthwhile to first extend the realism of semi-empirical EOF models
by incorporating seasonality and primitive-equation dynamics.

We have set out to work in this direction, using for the determination of the EOFs
and the empirical closure a 2000-year long data set of the atmospheric part of a coupled
atmosphere/ocean GCM. Section 2 gives an overview of semi-empirical reduced models.
Section 3 introduces the primitive-equation dynamical model core. In section 4 the deter-
mination of global EOF's from the data set is discussed. Section 5 describes the extraction

of the empirical closure from the data, analyzes its impact on the predictability of GCM



tendencies by our models, and examines how this impact is achieved. Section 6 summa-
rizes and discusses the results. Investigations of the ability of the models to predict the
GCM over shorter periods and simulate its climate will be reported in a companion paper,

along with an application to weather regimes.

2 Semi-empirical reduced models in general

2.1 Projected model

Reduced models are intended for the compact description of the behaviour of complex
systems (e.g. a GCM or the atmosphere itself) with a very large number of variables.
Concentrating among those on n variables of prior interest (the primary state, typically
flow field and temperature at a not too fine horizontal resolution and on a limited number

of levels), the corresponding state vector X € R" is expanded as

X(t) =X"+ Y a,(t)e” + p(t), (1)

v=1

in terms of N < n orthonormal basis vectors e€” so that the residual error p (comprising all
components of the primary state which will not be resolved in the reduced model) is near
to its possible absolute minimum, if averaged over all states on the attractor (assuming
stationarity). X" denotes a reference state which in many cases is chosen to be some
long-time mean of the primary state vector. The degrees of freedom in a reduced model
are the expansion coefficients a,(t) which can be obtained from the primary state vector

by means of a suitably defined scalar product:
ay(t) = (e, X(t) - X") (2)

For the sake of simplicity we want to use as basis patterns EOFs which can be obtained
from a sufficiently large number of observations of the system in a rather straightforward
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manner: If S = (X — X)(X — X)7T is the lag-zero covariance matrix (overbars indicate
averaging over all data) then the EOFs are solutions of the eigenvalue problem SMe” =
A2e”. M is the metric defining the scalar product. If X" = X the residual error in (1)
is minimized by picking those N patterns with the largest eigenvalues, i.e. variances
explained.

Although already the choice of a reduced basis is not obvious, this holds even less for
the specification of the dynamical equations of the reduced model. One must choose some
set of functions r,(a) so that solution of a = r(a) yields a good approximation of the true
time-dependence of the vector a of expansion coefficients. As has been shown (Achatz
and Schmitz, 1997; Selten, 1997b; Achatz and Branstator, 1999), such a model can be
obtained by a strategy consisting of two parts. In the first step one takes approximate
tendencies g(X) for the primary state (henceforth called the dynamical model core), based
on the fundamental geophysical fluid-dynamical equations, and uses it for calculating the
interaction between the resolved components. In the second step one resorts to empirical
means for obtaining a parameterization of the impact of all unresolved components and of
all physical processes which are not described by the dynamical core. The dynamical core
should be good enough so that, for all states on the attractor, the residue X —g(X) between
the true tendencies and their approximation is small. As an example, if the primary
state only consists of streamfunction variables the appropriate dynamical equations could

be taken from a quasigeostrophic model. Projecting the true tendencies onto the basis

patterns, with the help of (1) and (2), yields for the tendencies of the expansion coefficients
a =t,(a) + Ay (a, p,Y) (3)
where the time derivatives of the projected model are given by

t,(a) = (", g(X" + }_ a,(t)e")), (4)

v=1



and Ay(a, p,Y) = (e*,X(X,Y)) — t,(a) represents the impact of the unresolved com-
ponents, which are given by p, and the vector Y comprising all system variables in the
subspace orthogonal to the primary state space.

Clearly, the metric is important, both for the determination of the EOFs, and for
the model projection. Our decision for the corresponding choice is influenced by two
considerations. The first has to do with stability issues: If, as is often the case, the

dynamical model core can be written
FX+Z X+ZZ X Xk (5)
j=1lk=1
with external forcing FX, and linear and nonlinear interaction tensors L* and N¥, re-
spectively, then projection yields
N N
t,(a)=F, + Z Lyua, + Z Z Nuppapuay (6)
p=1 pu=1p=1

where the projected model’s forcing, its linear tensor, and its nonlinear tensor are each

given by

L, = En:e

=1

Nopp = Z

i=1

’L

n n n

Z Z ikek + 2 Nig (ex X7 + e X) (8)
j=1 = =1

n n n

P> M Z Z JHIEKEL (9)
j=1 k=11=1

It is interesting to note that nonlinear instabilities (Phillips, 1959) are not automatically
excluded if any metric is chosen for the projection. It might happen that the nonlinear
terms obtained from (9) create energy leading to unbounded growth. Avoidance of this
potential pitfall is desirable whenever possible. It has been shown by AB that if (1) the
dynamical model core X = g(X) conserves total energy, (2) total energy can be written

as a quadratic function of the variables, i.e. E = XT"MZX, with the total energy metric
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ME being a positive definite symmetric matrix, (3) the nonlinear terms in g(X) are of
polynomial form, and (4) the basis patterns are orthonormal with respect to the total
energy metric, i.e. e’?MPe* = §,,, then projection of g(X) onto the basis patterns using
this metric yields nonlinear terms in the model which conserve turbulent energy a’a. In
the case of quadratic nonlinearities this is due to the satisfaction of the triad condition
Lperm(up) Noup = 0.

This is a somewhat complex argument in favor of taking M = M¥. The other one
is of a more obvious kind: In performing the EOF analysis weights have to be assigned
to variables which are of different physical character, as is the case for temperatures and
velocities. This must again be decided by specifying the most appropriate metric. Here
the total energy metric is a dynamically plausible choice since the weight it gives to each
of the variables is the total energy variance associated with it. We are therefore using a
total energy metric in our work. How this can be done in the primitive-equation context

is discussed in section 3.

2.2 Empirical closure and dissipation tuning

In the second step of the semi-empirical approach an attempt is made to express the
impact of the unresolved components onto the resolved part as a function of the reduced
model variables alone, i.e. to derive a function d,(a, &) ~ A,(a, p, Y) where o is a vector
of constant closure parameters. The approximate equality should hold in some reasonable
average sense. Derivation of such a parameterization from the basic geophysical fluid-
dynamical equations by purely analytical means is a tremendous task. A way to do so
might have been indicated by Moise and Teman (2000) but considerable work could still

be necessary to develop their method far enough for applicability to our purposes. We



resort therefore to a more practical approach, i.e. specification of a functional form for
all §,,, and empirical extraction of the closure parameters from a dataset with sufficiently
many observations of X and its tendencies. This is done by minimizing the mean relative

error between model tendencies and their observed counterparts,

2L X) —t(a) @)l w0
(e, X)?

v=1

It is understood that for each observation a is calculated from X by use of (2). An
alternative to minimizing tendency errors could be the fitting of short trajectories of the
reduced model to the observed ones as has e.g. been done by Kwasniok (1997).
Interrupting the so-far general presentation, in order to give some illustration, let us
shortly provide the reader with the specific form of closure we have used in this work.
Motivated by the result in AB that a linear ansatz can do quite well, we have tried this
approach also here. One modification was necessary, viz. we had to make the closure
parameters slowly time-dependent, in order to enable the model to reproduce the correct

seasonal dependence of mean state and fluxes. We have thus set

S,(a,0) = F(t)+L(t)a (11)
with
F(t) = Fo—i-nil[Fchos(th)—i—FfLsin(th)] (12)
L(t) = Lo—i—nil[Lflcos(th)+Lflsin(th)]. (13)

Here (2 is the angular frequency of the earth’s circumsolar orbit. The parameter vector to
be adjusted in the tendency error minimization contains the coefficients of Fo, F&%(n =
1,2),Lo, and L%*(n = 1,2). In an initial attempt we had also tried a parameterization
with time-independent linear operator. The resulting model failed, however, in producing
a seasonal dependence of the transient fluxes.
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Experience has shown that empirical determination of the closure parameters by the
above-described method is sufficient if the reduced model equations can predict the true
tendencies very accurately (Achatz and Schmitz, 1997). However, if the relative tendency
error after minimization is still not negligible, typically the model’s dissipation is not
tuned well yet so that it tends to be too energetic when integrated. Some a posteriori
tuning of a suitably defined, in general very weak, damping must therefore be performed
in addition 1.

More specifically, we add to the tendency of each EOF an additional newtonian damp-

ing —h,[a, — a®(t)] with

v

h, = A(%)ﬂ. (14)

S
v

as(t) is the seasonally dependent climate mean, represented, just as the closure terms,
by a constant part, an annual component, and a semi-annual component, all of them

estimated from the reference data set. The constants A and 3 have been determined for

1This can be done by two different methods outlined in AB. The first relies on results by Penland
and Sardeshmukh (1995, Appendix A), DelSole (1996), and AB (Appendix D) where it is shown how
the damping described by a linear tensor depends on whether true total tendencies (or their relatively
precise central-difference estimates from the data set) are used in its empirical determination, or ten-
dencies estimated from forward differences with nonnegligible time difference. AB have made use of this
dependence and employed a mixture of central differences and forward differences in the determination
of the closure. The corresponding mixing parameter was varied in the tuning, i.e. it was optimized so
that the climate of the reduced model and that of the GCM agreed as well with each other as possible.
The second approach tested by AB is taking central differences in the calculation of the relative tendency
error and adding to the semi-empirical model some additional weak newtonian damping, which is then
used as a tuning parameter. It had turned out that both methods yield about the same results. Since
the approach using the newtonian damping is less elaborate we have decided to pick this alternative for

our present work.
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each semi-empirical model by minimizing the relative climate error

1 12

which is an average quantity calculated from the seasonally-dependent relative error of

the first moments

N (=—m —m \2
a a
GT — v=1 (]\I[/model Vdata) (16)

2
v=1 (al/data,)

and the corresponding second-moment error

——m 2
m _ EV 1 EN v ( ay Hmodel B a”/aﬂdata)

€
2 Z (—m )2
1 ay “data

The upper index m, running from 1 to 12, indicates the month for which the mean has

(17)

been calculated. a,(t) = a,(t) — @,™ denotes transients.

3 The dynamical model core

From the previous discussion it is obvious that an essential part of a reduced semi-
empirical model is the dynamical core. It should be energy-conserving in its discretized
form, the conserved total energy should be a quadratic function of the prognostic variables,
and the nonlinearities of the model should be of polynomial form. The filtered model used
by AB satisfies all these criteria but for the reasons given above we have replaced it by
some discretized version of the dry-adiabatic primitive equations. First a decision had
to be made about the spatial discretization. It is important to note that one obvious
candidate, viz. spectral primitive-equation models, violates total energy conservation due
to the spectral truncation. We have therefore decided to use a longitude-latitude grid-
point model along the ideas of Arakawa and Lamb (1977, 1981) and Takano and Wurtele
(1982).
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Furthermore, total energy in the primitive equation system is not really a positive
definite quadratic function of the prognostic variables. If the vertical coordinate is ¢ =
p/p® with p and p* being pressure and surface pressure, respectively, then total energy is

given by

v/’

1 1
E, = —7{ dAp°®° + —]{ dVp® (— + cpPﬁ) (18)
gJa gJv 2

with §,dA = a? [J7d) [717, dpcos ¢ and §,dV = a? [} do [§™ d [7L], dp cos ¢ where a

is the radius of the earth, A\ and ¢ the geographical longitude and latitude, respectively,
®* the surface geopotential height, g the gravitational acceleration, V the horizontal
wind, ¢, the specific heat at constant pressure, 6 the potential temperature, and P =
(p/po)®/¢», with R being the gas constant for dry air, and p, some constant reference
pressure. Obviously, the standard prognostic variables, surface pressure, horizontal wind,
and potential temperature, cannot be used for our purposes. However, it is possible to
reformulate and filter the equations such that potential temperature is replaced by its
square root 7 = v/0, and surface pressure is left time-independent.

Although the former replacement seems trivial, care must be taken to ensure that
a numerical code using 7 as temperature variable instead of 6 still conserves energy.
Neglecting the time-dependence of surface pressure is more fundamental since it eliminates
the external Kelvin waves. This is a standard approach in oceanography (Bryan, 1969)
where it is known as rigid-lid approximation. In the atmospheric context it has been
used for pressure-coordinate models by Smagorinsky (1963) and Held and Suarez (1978).
The consequence of this filter is nondivergence of the barotropic flow component (V) =
JydoV, ie. V-p*(V) = 0. This follows from vertical integration of the continuity
equation, with the appropriate boundary conditions (6 = 0 at ¢ = 0,1), and setting

surface pressure time-independent. Consequently, there is a barotropic stream function
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U so that p*(V) = k x VU, where k is the vertical unit vector. The real degrees of

freedom of the horizontal flow are therefore provided by ¥, and the baroclinic flow field

A,

V =V — (V) which has a vanishing vertical integral. As is readily shown, within this

framework total energy can now be written as
2

1 Ve 1 Vv
E :—fdA— —deS— Pr 19
f g 20 + gl p 5 T GIT (19)

A

which is positive definite and quadratic in all variables, indeed.

The discretized form of the equations we have used is summarized in Appendix A.
In extensive tests it has been verified that the introduction of time-independent surface
pressure into the model with a resolution as specified below does not significantly affect
the model dynamics: A benchmark test according to Held and Suarez (1994) was suc-
cessful. Furthermore, in order to test the orographic impact which can be mediated to
the model only via an orographically-conditioned surface pressure distribution, we have
introduced for the latter its long-time mean from the coupled atmosphere/ocean GCM
ECHAMS3/LSG (Voss et al., 1998), and compared the model’s behavior under solsticial
zonally-symmetric heating to that of a standard primitive-equation code with external
Kelvin waves and explicit orography. All mean states and transient fluxes turned out to

be virtually the same.

4 The basis patterns: Global EOFs

As near-optimal basis patterns we have used global EOFs. Here and henceforth X shall be
the state vector describing the dry state of the atmosphere, without time-dependent sur-
face pressure, on a grid which is a staggered C-grid in the horizontal (Arakawa and Lamb,
1977) and uses o-layers in the vertical. The metric is the total-energy metric correspond-
ing to the filtered primitive equation model described in Appendix A, i.e. B = (X, X) is
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the total energy conserved by the model equations. The constant surface pressure we have
used is the same long-time mean from the GCM data as used in the benchmark test. The
state space representation we have picked for the analysis transforms the energy metric
to the identity matrix, thereby facilitating more straightforward calculations. For details
the reader is referred to Appendix B.

The data set we have used consists of half-daily values for horizontal winds, tem-
perature, and surface pressure from a 2000-year integration of the same coupled atmo-
sphere/ocean general circulation model which we have taken the time-mean surface pres-
sure from. They have been prepared by a linear interpolation from the model’s 19 hybrid
vertical levels to the K., = 3 layers at ¢ = 0.833, 0.5, and 0.167 and a consecutive bilin-
ear interpolation to the staggered horizontal grid with [;,, = 64 longitudes and J;,; = 32
latitudes. The daily cycle has been removed by averaging between two consecutive states
each. With the chosen resolution the matrix to be diagonalized is so large (16256 ele-
ments) that it could not be stored in the computer memory we had available. We have
therefore resorted to an iterative approximate determination of the leading variance pat-
terns, described in Appendix C. The analysis period was chosen such that when tested
at the same number of independent data as were used for the pattern determination, the
calculated EOFs were explaining nearly as much of the total variance as in the original
data set. It was found that data from 100 years were sufficient.

Inspection of the time series of the corresponding principal components shows that
the two leading EOFs are dominated by the strong seasonal cycle which explains about
30% of the total variance. Since we are interested also in a sufficient representation of the
variance on top of the seasonal cycle the real quantity of interest is how many EOFs are

needed for this. Figure 1 shows the relative variances which cannot be explained using a
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given number of EOFs. The resulting numbers are quite similar to the ones obtained by
AB from perpetual-january data: Nearly 500 EOFs are needed for explaining 90% of the

variance on top of the seasonal cycle.

5 Estimation and analysis of the closure

The amount of data used for the tendency minimization (1140 years) was chosen such
that it was well above the limit where a further significant increase does not change
the model properties any more, with respect to both short term-prediction and climate
simulation. In addition, the newtonian damping was determined as described above. For
the calculation of the climate error in (15) the models have been integrated over periods
of 100 years. The optimization of the constants A and £ in (14) has been done with the
help of a nonlinear simplex optimizer which chooses after each 100-year integration a new
pair of parameters according to some selection rules ensuring convergence of the tuning
process. The resulting parameters are summarized in table 1. The relaxation time of the
additional damping of the first EOF is 178 days for the 10-EOF model, 4827 days for the
20-EOF model, and above 10000 days in all other cases, so that it is sufficiently small to
ensure that, with the possible exception of the 10-EOF model, a correct reproduction of
the seasonal cycle cannot be attributed to this extra term. It is also so small as not to
affect the following analysis of the impact of the empirical parameterization on the model.

To begin with, solution of the linear regression problem yields tendency error minima
for different numbers of basic EOFs as shown in figure 2. The corresponding errors for the
projected models, and the relative errors determined by AB are also shown. Interestingly,
already the projected three-layer primitive equation model performs better than the semi-

empirical quasigeostrophic two-layer model. The parameterization scheme reduces the
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errors further by a considerable amount so that we encounter tendency errors of less
than 20% for the 500-EOF model. This seems to justify the effort we have put into the
implementation of primitive-equation dynamics into reduced models since it makes their
short-time behaviour much more similar to that of GCMs than before.

Some information about the geographical dependence of the tendency error can be
extracted from figures 3-6. Figure 3 shows how the error in predicting tendencies of the
barotropic streamfunction by the projected 500-EOF model depends on the horizontal
location. Whereas this model performs quite well in the storm-track regions there is a
conspicuous failure in the tropics and at the north pole. The inclusion of the empirical
forcing terms (the zero-order part of the closure) reduces the errors in the tropics to
about one third (Fig. 4). As shown in figure 5, the linear closure terms finally reduce
the overall tendency errors so much that they are smaller than 30% in the tropics, and
near 10% in midlatitudes. A qualitatively similar behaviour has also been observed for
all other prognostic variables: The linear closure is of decisive importance for a good
tendency prediction. Consequently also the total mean relative tendency error for all
prognostic variables is 0.56 for the projected reduced model, 0.48 for the projected model
with empirical forcing, and 0.18 for the complete semi-empirical model (including also the
empirical linear terms). In spite of all progresses due to the incorporation of primitive-
equation dynamics one should, however, also note that the semi-empirical model still
performs best in midlatitudes. Problems in the tropical dynamics are most visible for the
baroclinic flow field (cf., as an example, the layer-dependent relative tendency error for
the zonal wind in figure 6) and for the thermodynamic variable (not shown).

We will not try to give dynamical interpretations of the empirical terms. The most

prominent features of the 500-EOF closure shall, however, be described. Figure 7 shows
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the zonal-mean empirical forcing of the meridional wind in January and July. Clearly,
there is a tendency to enforce the winter-hemispheric Hadley circulation. Here one should
recall that direct physical forcing components (heating due to radiation, convection, latent
heat release etc.) appear only in the thermodynamic equation. So the fact that fixed
empirical forcing terms appear in our momentum equations points at indirect forcing
effects which may be understood as the net effect on the resolved components of nonlinear
interactions among the unresolved components. Thus, although it is small in comparison
to the leading order dynamical terms (by up to two orders of magnitude in comparison
to the Coriolis term in the zonal-mean meridional-wind equation, not shown here), this
direct forcing of the Hadley circulation points to an indirect effect which our low-order
model can only handle in parameterized form. Figure 8 shows (for January) the zonal-
mean empirical zonal-wind forcing and, for comparison, the time and zonal mean Coriolis
term in the zonal-wind equation. Some indirect effects are parameterized, but especially
in the tropics the forcing seems to be small by comparison. That our empirical approach
can also yield forcing features one would expect from direct physical parameterizations
can be seen in Figure 9, where the empirical forcing for the lower-level thermodynamic
variable is shown. Obviously there is the typical heating pattern for lower-level air masses
over land in the summer hemisphere, and the opposite pattern in the winter hemisphere.

As already deducible from the tendency errors shown above, the empirical linear terms
are extremely important for getting the dynamics of the reduced model right. In fact,
they are decisive for a correct description of the seasonal dependence of the dynamics of
midlatitude synoptic eddies. For a visualization of this effect we have linearized our model,
with and without empirical linear corrections, about the January or July mean state of the

GCM. Following the standard procedure (e.g. Farrell and Ioannou, 1996) we have then
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calculated from the resulting linear tensor the leading optimal vectors for 5-day lead time.
What ought to be expected as result for a satisfactory model is a storm-track mode on the
respective winter hemisphere. Indeed, the leading optimal vector of the semi-empirical
model is a Pacific storm-track mode (Fig. 10), the following pattern reproduces it with a
phase shift, and patterns 3 and 4 are corresponding northern-hemispheric Atlantic storm-
track modes for January, and further southern-hemispheric Pacific storm-track modes for
July (not shown). However, quite different structures result from calculations without
empirical linear correction . As an example, figure 11 shows the obtained leading optimal
vectors. They are quite different from those in figure 10, both in scale, in spatial extension,
and in their location on the globe. This shows that the empirical linear terms are actually

controlling the seasonally-dependent storm-track dynamics.

6 Summary and Discussion

In summary, our study represents a continuation of previous work on semi-empirical
reduced models for the atmosphere. Generally, the development of such models is done
in two main steps. In the first of those a near-optimal basis of EOF's is projected onto
a dynamical model based on the fundamental geophysical fluid-dynamical equations (the
dynamical core). The second step tries to make up for deficiencies of the thereby obtained
projected model: Both the restriction to a low model dimension and a coarse resolution
of the dynamical model core, e.g. in the vertical, necessarily lead to the neglect of the
explicit treatment of certain small scales. The same holds for physical processes which are
not explicitely described by the model (latent heat release, radiative transport, etc.). The
important impact of these scales and processes is therefore parameterized by an empirical

scheme which is extracted from some data set by minimization of the difference between
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observed tendencies and the corresponding prediction of the reduced model. The models
developed here differ from predecessors by two important modifications: For the first time
the primitive equations have been used in the dynamical core, and a seasonal cycle has
been incorporated.

The dynamical model core we have taken is a primitive-equation model which differs
from its traditional counterparts by filtering external Kelvin waves. This enables the
construction of a total energy metric consistent with the model, i.e. a metric with a
norm which equals the total energy conserved by the discretized equations. Such a metric
has two main advantages: First, using an EOF basis determined from the data with the
help of this metric ensures that the projected model has no nonlinear instabilities which
might otherwise lead to unbounded growth of energy. Secondly, in the data analysis the
question arises as how to weight prognostic variables of different dynamical character (e.g.
winds and temperature) with respect to each other. A natural solution to this question
is provided by the use of an energy metric which weights each variable according to the
energy variance associated to it. Technically, the filtering of external Kelvin waves is
achieved by the use of a time-independent surface pressure, an approach which is parallel
to the rigid-lid approximation used in oceanography. As a consequence the barotropic
part of horizontal flow is nondivergent so that it must be described by an appropriate
stream function. These ideas are implemented in a grid-point model which is described
in the appendices.

Consequently, the basis patterns we have used are global EOFs describing simultane-
ously winds and temperature in all three spatial dimensions. They have been determined
from atmosphere data of a 2000-year long run of a coupled ocean/atmosphere GCM (Voss

et al., 1998). Since the overall state space is too large for being handled in a single co-
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variance matrix the analysis has been done in an iterative way based on successive data
compression in orthogonal subspaces. The variance analysis shows that, in spite of the
presence of the seasonal cycle, the number of patterns necessary for explaining 90% of
the variance on top of the seasonal cycle is about 500. This is an interesting number
since it is in striking agreement with a previous result (Achatz and Branstator, 1999, in
short AB) from an analysis of streamfunction data in two levels from a perpetual-january
GCM dataset. It seems as if the atmosphere is not using different degrees of freedom
for different seasons. Seasonality seems more to be brought about by a rearrangement of
the respective relevance of the various circulation structures involved. This agrees with
a corresponding result of Corti et al. (1999) on the mechanisms of climate change, en-
couraging us in our hope that EOF models might eventually be also useful for studies of
climate variability.

The empirical closure we have used is of at most first order in the EOF-expansion
coefficients. The empirical linear operator has as well a seasonal cycle as the zero-order
terms, the external forcing. This turned out to be necessary for a correct simulation
of the seasonal dependence in the fluxes due to transients. After the determination of
the parameters of the scheme by tendency error minimization an additional damping
was added. The damping coefficients were tuned by repeated 100-year integrations and
minimization of the difference between the climate (first and second monthly moments)
of the reduced model and the GCM.

As was to be expected, the primitive-equation model core enables the reduced semi-
empirical models to predict instantaneous tendencies much better than previously used
filtered equations. Without empirical parameterizations the relative tendency error is al-

ready considerably smaller than in the work of AB. Incorporation of the parameterization
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reduces it to less than 20% if 500 EOF's are taken as basis. The corresponding reduction in
tendency errors is global, but an especially pronounced effect can be seen in the tropics,
indicating that much of the impact of small scales and physics there can be described
linearly. Nonetheless, in the complete semi-empirical model the largest tendency errors
are also still to be found in these regions, approaching 100% in some rare cases, so that
plenty of room is left for further improvements by nonlinear physically-based parameteri-
zation schemes. The incorporation of moisture and explicit radiation might be interesting,
as well as modern reduction techniques as e.g. described by Moise and Temam (2000).
Finally, higher vertical resolution of the dynamical core could possibly also be important.

An analysis of how the empirical parameterization is achieving the tendency error
reduction is most straightforwardly done for the empirical forcing. An investigation of
the forcing fields showed some expected direct effects such as enhanced summer-time
heating and winter-time cooling of lower air masses over the continents. In many cases,
however, the forcing parameterizes some indirect physical or dynamical effects which are
not explicitely described by the resolved model dynamics. As an example, at least part
of the enhanced winter-hemispheric Hadley circulation is not brought about by seasonal
variations in the heating patterns and consequential changes of the velocity field due
to dynamical interactions, but by direct forcing of the meridional circulation. Similar
conclusions can be drawn on the role of the empirical linear parameterization. An analysis
of the equations, with and without these closure terms, for most rapidly growing structures
in different seasons shows that the full semi-empirical model is very well predicting the
expected storm track modes on the winter-hemisphere. This, however, is not the case for
the model without empirical linear closure. Thus, it is the empirical linear terms which

are effectively controlling the seasonality of storm-track dynamics.
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Notwithstanding the overwhelming role the empirical part plays in the model, one
should keep in mind that the successful incorporation of primitive-equation dynamics
and seasonality into EOF-modelling seems to provide a more solid basis than ever before
for research concerning low-frequency atmosphere dynamics with the help of low-order
models. Further support for this view is provided in a companion paper which analyzes
the climate simulated by our reduced models and reconsiders some old questions related

to the dimensionality of the climate attractor and the origin of weather regimes.
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Appendix A A grid-point model for the primitive

equations without external Kelvin waves

Appendix A.1 Introduction of a new thermodynamic variable

Introducing 7 = v/ the continuous primitive equations to be discretized (e.g. Arakawa

and Lamb, 1977, 1981) can be written in spherical coordinates

0 u vpt 0 [u?+v? op® & Ou F\
aa—qnﬁai( > +(I)>+O‘”Ga_A+Ea_a = (A1)
0w up® 9 [u?+v? op® ¢ ov F,
—— — ® W=+ —— = — A2
8tn+qn+8¢< 2 * >+a08¢+n80 n (A2)
§(®o) + (pPoa, —P)do = 0 (A3)
o p° dp'u 0pv 0pc
Gimm oA Topm oomn - ° (Ad)
o0 Tp° 0 p’u 0 p'v 0 p’o P°Q
e “ Il — = 2% A
otmn O\ n T 0p m T oo mn" 27c,Pnm (45)

where u and v are respectively the zonal and meridional velocity, and the metric factors
are m = 1/(acos ¢) and n = 1/a. Furthermore, f is the Coriolis parameter, ¢ the relative
vorticity, and ¢ = (f + {)/p°. ® is the geopotential height, a, the specific volume, F
denotes friction, and () heating.

The horizontal discretization is done on a staggered Arakawa-C-grid with longitude
and latitude indices ¢ and j, counting eastwards from 1 to [j,, and northwards from 1
to Jias. For details of the grid specification the reader is refered to Arakawa and Lamb
(1981). The vertical grid is also staggered with a corresponding index & counting from 1
to Kje,. The distribution of variables is as in Arakawa and Lamb (1977). Our notation
differs from there by using half-levels for ¢ and its time derivative, and full levels for all
other fields, instead of even and odd levels. The discretized equations given below are

written so as to conserve total energy as well as total mass, the global integrals of p°r
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and p°0 = p°72, and in the shallow water limit also potential enstrophy. For conciceness
we introduce the following shortcuts for longitudinal differencing, linear averaging, and

arithmetic averaging of some quantity X:

(6)\X)i,. = Xi+%’. - Xi,%7. (A6)
— 1
(), = 3 (s + Xy @
(Xv_iA) = Xi,'Xi-I-l," (AS)
it3,

Analogous notation holds for the corresponding latitudinal and vertical operations. For
the area differential we write AA = (AAA¢@)/(mn). It should be noted that the longitude
differential A\ is constant whereas the latitude differential A¢ depends on the latitude.

Let us now also define the local product of surface pressure and area differential

Piyjpy = (BAP°) 01541 (A9)
so that shallow-water potential vorticity becomes
ik — s s s s
P PR Ry T B4
where relative vorticity is calculated via
1 vAP uAA
= ) -4 ) All
C’]’k AAZ']'<)\ n d)m)k ( )
> Z’Ji
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lon oS
(Ei:l piv]la,t_%> /Ilon
(f +0);
Gk = . ok (A13)
(St p23) /in
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Furthermore we introduce the veloc-

with Ad, = %= (AA);, 1 and A4, = 4= (AA)

3.
2 3

ity related quantities

_\ Ag

* _ A

Uig+in = \P uj)ij#k (A16)
P 29

and

. _s AN

Vird ik = (PSd)Uﬁ) 1 (A17)
i+§ijik

With these definitions the fourth-order accurate analogues of the terms A% = —q(vp®/m)

and AY = q(up®/n) in the momentum equations become (Takano and Wurtele, 1982)

u — _ * _ *
A (V. @)igie = Qi b kVir g1k~ Pt hVicLjpip

* *

_fyiaj_"%’kvzféyj,k o (51’-7+% ,k)/Uz—F%,],k
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v — * *
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+¢i+§,j+§,kvz’+§,j+1,k ¢i+§,j—%,kvi+%,j—1,k

* *
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Here the contributing coefficients are

Yjtik T 94 (2Gi41 541,k + 31,k T 2k + Gi1k — G2,k — Gim1,j+1,k)

ﬂz‘,j+%,k Y (Bdij+1,e + 261541,k + Gim1jk + 2Gijk — Git1,j+1,6 — Gij+2,k)

Yij+ik = g (2¢ij+1 6 + Qo1 j+1,6 + 2Gi—1 ik + 3ijk — Gij—1k — Git1,5k)

6i,j+%,k = By (qi+1,j+1,k + 2¢i 11k + 3Gk T 2Giv 15k — 15k — C]i,j—l,k)
Citdg+ie = o (Git1,j+1% T Gij+1k — Qi — Qit1,j,k)
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1

1/1i+l,j+l,k = —(—Git1 41,6 + Gij+16 + Gjk — Git1,5k)
2 2 24
1
Mgk = o @ge = die1p)
1
Pijk = o7 (Gig—1k = Gjrik) - (A20)
24

Finally one needs kinetic energy at scalar points

1
Rorparie = 984, 4

(AAu?A + AAU2¢> (A21)
i+§,j+§

i+5.0+5:k

and the o-velocities above and below horizontal-velocity points

—A
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Oijidpsl = (F)\ ﬁ) (A22)
IRER
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The latter enter the vertical momentum advection terms via

x0X 1 . .
<a %) = %Aa, (X = Xo) 05 s + (X = Xop 1) 674 ] (A24)

)

where X is either u or v, and Aoy, = o 1—0p 1. With all the definitions given above

the discretized momentum equations are now

A 0 F
AAOU S (V) + 05 (K + B) + oondsp® +6 —“] - (—*AA) (A25)
m ot 0o ig+d m RERW
A¢ Ov ov F,
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The continuity equation becomes
Ps 0y
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Discretization of the first law of thermodynamics is done via
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with

1
Toborbbrs = 5 (Trborbe + Tirdatdms) (A29)

(A25) and (A26) need the specific volume at u- and v-points, given by

~A 5)\P>
oQy); i1, = Cp|T? A30
(@00)is4pn p( ONP* it (A30)
N¢5¢P
(o)1, = ¢ (7’2 —S> (A31)
+3.9:k P 5¢p i—|—%,j,k:

The hydrostatic equation is solved using

-0
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What is still lacking is a recipe for calculating P at full levels. With this respect we follow

Arakawa and Lamb (1977) by using

R
R/c 1 1 opa
p§+l '_|_l / i 1 akial - o-ki_(i re
Pi1,= _1T3075 2 2 (A34)
2’] 2? po 1+a,0'k+1—0'k7;
2

with ¢ = 0.205.

Appendix A.2 Filtering of external Kelvin waves

As sketched in section 3 we will now remove all nonlinearities from the model which are
of higher order than quadratic, and also make the conserved energy positive definite and
quadratic in the model variables, by setting the surface pressure time independent. The
continuity equation then becomes

b6

AU)H—%,JHL%JC
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which yields, after multiplying by Aoy and taking the sum over all levels,
(5r ") + 66 (0)) i1 120 = O (A36)

where we have used the notation (X). = Y4« Agp X, for the vertical average of an
arbitrary quantity X. This nondivergence of the vertically averaged flow implies, as in

the continuous case, the existence of a barotropic streamfunction ¥, ; so that

<u*>i,j+% = _(505\11)1',]'4_% (A37)

(U*>i+%,j = (5)\\11)1'-1-%,]' . (A38)

Given a boundary value of ¥ at one of the poles (we have set W.; . = 0) it can be
determined through these relations from the barotropic flow field. A more practical way

is to first calculate relative barotropic vorticity via

(C)is = A;j ((& a0 _ 5¢<“>#> (A39)

and the corresponding relation for the south pole, to be obtained from (A15). The

barotropic streamfunction can then be determined from
(AA<C>)i,j = (V\I})i,j (A40)

where V is the vorticity operator, the discretized analogue of V - 1%’ whose elements can
be obtained from (A39) and its counterpart for the south pole, (A16), (A17), (A37), and
(A38). Finally, let us also introduce the baroclinic velocities & and ©. For any quantity
X we define X = X —(X). Since (X) = 0 the value of X on one layer is not independent
but must be calculated from the other ones. For consistency we now replace u and v as
prognostic variables by ¥ and the values of & and v on all levels but the lowest one. Their

tendencies can be obtained from du/0t and dv/dt in (A25) and (A26) by calculating first

29



the time derivative of relative barotropic vorticity from

Y _ 1 (GhAd (FHAX
(o)., = ma (0570 -8t A

and the corresponding relation at the south pole,

(%), == (57 (p42

S 45—
i=1 5

and then determining the barotropic streamfunction tendencies from the time derivative

of (A40). Additionally,

611) <8u ou
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yield the tendencies of the baroclinic velocities. Finally, the hydrostatic equation and the
first law of thermodynamics stay as in the unfiltered model. A difference is that the surface
geopotential height does not appear in the final dynamic equations since its horizontal
gradient is irrotational and independent of the vertical coordinate. The orographic impact
is mediated indirectly to the model by the surface pressure distribution which mirrors
the surface height variations over the globe. Using some algebra one can check that
the continuous model actually conserves total energy E; as given in (19), and that the
discretized equations conserve its analogue Ey = Efi + Efi" + E™ where the barotropic

and baroclinic parts of kinetic energy are respectively

. Ilon Jla,tf1 A 5 \I} 2 Jlatfl AA 5 \II 2
Efn = —Z ) lm MA_H + > [n ”_3] (A45)
= G R R S = L P
) 1 Ilon Klev Jla,tf1 1 ,0/2 Jlatfl _¢@2
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and total enthalpy is given by
Ilon Jlat 1 Klev

Z Z Z A0kCp (PSPT )z—l— it+3.k (A47)
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Appendix B Diagonalization of the energy metric

For practical applications, e.g. the EOF-determination, it is useful to introduce model
variables which render the energy metric diagonal. In fact these can even be associ-
ated with some dynamical meaning which may be seen from the following: Applying the

differencing rules (holding for arbitrary quantities X and Y, p being either A or ¢)
5, (XY*) = Y§,X + X5, (B1)

to the baroptropic part of total energy one finds

. 1 lon fiael mA$ 5, nAX 650
kin _ OAF Yo *
sy = g x & s (e ) < (nas ) ],
_ _otly (B2)
2g9

where we have gathered all Ny, = Ijpn(Jir — 2) independent grid-point values of the
barotropic streamfunction in a vector ¥. Furthermore we use the convention that (54¥), 1=
0. V is the barotropic vorticity operator. It is easily checked that it is symmetric and
therefore has orthogonal eigenvectors which reduce in the limit of spatially constant sur-

face pressure to discretized analogues of the spherical harmonics. Denoting these by ¥

we obtain
. thp ~
By = >0 (B3)
v=1
where
thp ~
v = Z v, v, (B4)
v=1

and the eigenvectors have been normalized so that

2
L (B5)
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with A\, being the corresponding eigenvalue. Furthermore, due to the vanishing vertical

integral of & and ¥ we have for the baroclinic part of kinetic energy

ki Ilon Kiey Jiat—1 Y ,&IQ Jiat—1 _¢,02

E;¢ = —Z S Aoy | Y | AApT— + > [AAp? 5
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The matrix
Ao Ao,
M,?ld = 6klAUk + b d (B7)

is again symmetric and therefore has orthogonal (K., — 1)-dimensional eigenvectors.
Denoting the corresponding eigenvalues by u; we choose their normalization to depend

on the horizontal location and whether we are dealing with zonal or meridional velocities:
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Finally we also introduce the rescaled thermodynamic variable
Aoyey (PSP); 1 .1,
Ti+%,j+%,k:7'i+%,j+%,k¢ P — (B13)

so that the energy metric with respect to the new variables W, @, 9, and 7 is of the simple
euclidian type.
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Appendix C Iterative EOF-determination

Our EOF analysis relies on successive data compression using non-global preliminary
EOFs: After calculation of the long-time mean state of the data we have determined in a
first step seperate horizontal EOFs for the barotropic streamfunction coeflicients, either
the total horizontal field of baroclinic zonal wind or baroclinic meridional wind projecting
on each of the K., — 1 vertical baroclinic energy-metric eigenvectors (see Appendix B),
and the thermodynamic variable in each layer. In a second step the baroclinic zonal-wind
fields were combined by picking for the horizontal subspaces projecting on each of the
latter baroclinic eigenvectors enough EOFs so as to explain 99.9% of the respective to-
tal variance. By projecting onto these patterns a compressed representation of the total
baroclinic zonal-wind field was achieved in which a simualtaneous analysis of the three-
dimensional field was possible, yielding corresponding new EOFs. The same procedure
was repeated for combining the horizontal subspaces projecting on each of the baroclinic
eigenvectors for the meridional wind field, and for a combined analysis of the thermo-
dynamic variable on all layers. Thus we had four sets of EOFs, one for the barotropic
streamfunction, one for the baroclinic zonal wind, one for the baroclinic meridional wind,
and one for the thermodynamic variable on all layers. From each of these sets we have
then picked in a third analysis step enough EOF's as necessary for explaining again 99.9%,
respectively. Projecting onto these we could obtain a data compression which left the re-

maining state vector small enough for a simultaneous analysis of all variables.
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Table 1: Newtonian damping parameters used for the semi-empirical models

number of EOFs | A [d7'] | B
10 89-1072 ] 1.2
20 2.5-1072 | 1.6
30 2.6-1072 | 1.7
40 26-102]1.9
o0 21-1072 1.9
60 26-1072 |14
100 6.6-1072 | 2.5
200 1.1-1071 | 2.1
500 3.0-10°' | 1.3
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Figure 1: The relative variance not explained by using a given number of global EOFs,
for the total variance and the variance orthogonal to the two leading patterns. EOFs 1

and 2 describe most of the seasonal cycle.
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relative tendency error reduced models
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number of EOFs

Figure 2: The relative error in the prediction of GCM tendencies (in a data set with
seasonal cycle) by the semi-empirical and projected reduced models with primitive equa-
tion core, depending on the number of EOFs the model is based on. Also shown are the
corresponding results from Achatz and Branstator (1999) for the prediction of tendencies
in a perpetual-january data set of a GCM by a semi-empirical reduced model with a

quasigeostrophic two-layer model core.
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Figure 3: Spatial distribution of the relative (barotropic stream function) tendency
error for the projected 500-EOF model. For the comparison both the predicted and the
data tendencies (projected onto the leading 500 EOFs) have been tranformed from EOF-
representation into grid space where the comparison has been done pointwise. 100 years

of data have been taken for the analysis.
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Figure 4: As Fig. 3, but for the projected model with empirical forcing, but without

linear closure terms.

42



semi—empirical model

60N -

W

o

=
]

EQ

latitude

0 60E  120E 180  120W 60 0
longitude

Figure 5: As Fig. 3, but for the complete semi-empirical model (i.e. with empirical

forcing and empirical linear corrections).
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Figure 6: As Fig. 3, but for the relative error made by the complete semi-empirical model
in the prediction of zonal wind tendencies. The uppermost and lowermost sigma-levels
are shown.
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Figure 7: Zonal mean of the empirical meridional-

(bottom). Units are ms™'d .
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(top

500-EOF model in January
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Figure 8: Zonal mean of the empirical zonal-wind forcing in the semi-empirical 500-EOF

model in January (top) and the January-mean coriolis term in the zonal-mean zonal-wind

equation (bottom). Units are ms~td~!.
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Figure 9: January empirical forcing of the thermodynamic variable 7 at o = 0.833
in the semi-empirical 500-EOF model (top), and the difference between this and the

corresponding field in July (bottom). Units are v/Kd~'.
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Figure 10: Barotropic-stream-function signature of the January (top) and July (bottom)
leading optimal vector for 5-day lead time, obtained by linearizing the semi-empirical 500-
EOF model about the respective monthly-mean state of the GCM. The corresponding

growth factors are 6.98 in January and 6.21 in July. Units are meaningless.
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Figure 11

The January growth factor is 9.46, that for July 9.45.
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